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Abstract

Compositionality proofs in higher-order languages are notoriously involved, and general semantic
frameworks guaranteeing compositionality are hard to come by. In particular, Turi and Plotkin’s
bialgebraic abstract GSOS framework, which provides off-the-shelf compositionality results for first-
order languages, so far does not apply to higher-order languages. In the present work, we develop
a theory of abstract GSOS specifications for higher-order languages, in effect transferring the core
principles of Turi and Plotkin’s framework to a higher-order setting. In our theory, the operational
semantics of higher-order languages is represented by certain dinatural transformations that we term
(pointed) higher-order GSOS laws. We give a general compositionality result that applies to all systems
specified in this way and discuss how compositionality of combinatory logics and the A-calculus w.r.t. a
strong variant of Abramsky’s applicative bisimilarity are obtained as instances.

1 Introduction

The framework of Mathematical Operational Semantics, introduced by [56], elucidates
the operational semantics of programming languages, and guarantees compositionality of
programming language semantics in all cases that it covers. In this framework, operational
semantics are presented as distributive laws, varying in complexity, of a monad over a
comonad in a suitable category. An important example is that of GSOS laws, i.e. natural
transformations of type
ox: (X x BX) — BX*X,

with endofunctors X, B: C — C respectively specifying the syntax and behaviour of the
system at hand. The idea is that a GSOS law represents a set of inductive transition rules
that specify how programs are run. For instance, the choice of C = Set and B = (%,,)~,
where &, is the finite powerset functor and L a set of transition labels, leads to the well-known
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GSOS rule format by [10] for specifying labeled transition systems. For that reason, Turi and
Plotkin’s framework is often referred to as abstract GSOS.

The semantic interpretation of GSOS laws is conveniently presented in a bialgebraic setting
(cf. Section 2.2). Every GSOS law o (2.1) canonically induces a bialgebra

Z(pZ) - uE X B(px)

on the object X of programs freely generated by the syntax functor X, where the algebra
structure ¢ inductively constructs programs and the coalgebra structure y describes their
one-step behaviour according to the given law o. The above bialgebra is thus the operational
model of o. Dually, its denotational model is a bialgebra

¥(vB) % vB =5 B(vB),

which extends the final coalgebra vB (to be thought of as the domain of abstract program
behaviours) of the behaviour functor B. Both the operational and the denotational model
are characterized by universal properties, namely as the initial o-bialgebra and the final o-
bialgebra, respectively. This immediately entails a key feature of abstract GSOS: The semantics
is automatically compositional, in that behavioural equivalence (e.g. bisimilarity) of programs
is a congruence with respect to the operations of the language. The bialgebraic framework has
been used widely to establish further correspondences and obtain compositionality results,
see e.g. the work of [8], [35], [18], [39], and [20].

As a first step towards extending the abstract GSOS framework to languages with variable
binding, such as the r-calculus by [41] and the A-calculus, [17] use the theory of presheaves
to establish an abstract categorical foundation of syntax with variable binding, and develop a
theory of capture-avoiding substitution in this abstract setting. Based on these foundations, the
semantics of first-order languages with variable binding, more precisely that of the w-calculus
and value-passing CCS, see [40], is formulated in terms of GSOS laws on categories of
presheaves by [19]. We also introduce higher-order bialgebras and construct the initial such
bialgebra.

However, the question of the mathematical operational semantics of the A-calculus, or
generally that of higher-order languages, still remains a well-known issue in the literature
(see e.g. the introductory paragraph by [31]). Indeed, in order to give the semantics of a
higher-order language in terms of some sort of a distributive law of a syntax functor over some
choice of a behaviour functor, one needs to overcome a number of fundamental problems. For
instance, for a generic set X of programs, the most obvious set of “higher-order behaviours
over X” would be X%, the set of functions that expect an input program in X and produce a
new program in X. Of course, the assignment X — XX is not functorial in X but bifunctorial;
more precisely, it yields a bifunctor

B(X,Y) = YX: Set® x Set — Set

of mixed variance. Working with mixed variance bifunctors as a basis for higher-order
behaviour makes the situation substantially more complex in comparison to Turi and Plotkin’s
original setting. In particular, natural transformations alone will no longer suffice as the
technical basis of a framework involving mixed variance functors, and it is not a priori clear
what the right notion of coalgebra for a mixed variance functor should be. In this paper, we
address these issues, with a view to obtaining a general congruence result.
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Contributions. We develop a theory of abstract GSOS for higher-order languages, extending
Turi and Plotkin’s original first-order framework. We model such languages abstractly in
terms of syntax endofunctors of the form X = V+X’: C — C (for an endofunctor£’: C — C
representing the constructors of the language and a choice of an object V € C to be thought
of as an object of variables), and behaviour bifunctors B: C°° x C — C. The key concept
introduced in our paper is that of a V-pointed higher-order GSOS law: a family of morphisms

oxy: 2(jX xB(jX,Y)) » B(jX,Z*(jX +Y))

dinatural in X € V/C and natural in Y € C, with j: V/C — C denoting the forgetful functor
from the coslice category V/C to C. Similar to the first-order case, we think of a higher-order
GSOS law as encoding the set of inductive small-step operational rules of a higher-order
language. We show that each V-pointed higher-order GSOS law inductively determines an
operational model given by a higher-order bialgebra

L(pZ) - uE X B(pZ, ux)

on the initial algebra uX of program terms. In analogy to the first-order case, the operational
model is the initial higher-order bialgebra for the given higher-order GSOS law.

From a coalgebraic standpoint, the morphism y: u¥ — B(uZ, uX) is a coalgebra for
the restricted endofunctor B(uX,-): C — C. Our semantic domain of choice is the final
B(uZ, -)-coalgebra (Z, ), the object of abstract behaviours determined by the functor
B(uX,-). We obtain a morphism coity: u¥ — Z by coinductively extending y; that is, we
take the unique coalgebra morphism into the final coalgebra:

pE — > B(uZ, ux)
Coityi lB(yZ, coity)

7 % B, 7)

Importantly, in contrast to first-order abstract GSOS, the final coalgebra (Z, ) generally does
not extend to a final higher-order bialgebra; in fact, a final bialgebra does not usually seem
to exist (Example 4.25). As a consequence, proving compositionality in our higher-order
setting is substantially more challenging than in the first-order case, requiring entirely new
techniques and additional assumptions on the base category C and the functors X and B.
Specifically, we investigate higher-order GSOS laws in a regular category C.

As our main compositionality result, we show that the kernel pair of coit(y): uX — Z
(which under mild conditions coincides with the coalgebraic bisimilarity relation) is a
congruence. We demonstrate the expressiveness of higher-order abstract GSOS by modeling
two important examples of higher-order systems. We draw our first example, the SKI
combinator calculus by [12], from the world of combinatory logic, which we represent using
a higher-order GSOS law on the category of sets. For our second example we move on to a
category of presheaves, on which we model the call-by-name and the call-by-value A-calculus.
In all of these examples, we demonstrate that the induced semantics corresponds to strong
variants of applicative bisimilarity, originally introduced by [3].

Organization. In Section 2 we provide a brief introduction to the core categorical concepts
that are used throughout this paper. Moving on, in Section 3 we discuss examples from
combinatory logic and present a basic rule format for higher-order languages that illustrates the
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principles behind our approach. Section 4 is where we define our key notion of pointed higher-
order GSOS law and prove our main compositionality result (Theorem 4.14). In Section 5
we show how to implement the call-by-name and call-by-value A-calculus in our abstract
framework. We conclude the paper with a discussion of further developments and potential
avenues for future work in Section 6.

Related work. Formal reasoning on higher-order languages is a long-standing research topic
(e.g. [52], [3], [4]). The series of workshops on Higher Order Operational Techniques in
Semantics, see [27], played an important role in establishing the so-called operational methods
for higher-order reasoning. The two most important such methods are logical relations (see
[541, [53], [43], [15]) and Howe’s method (see [32, 33]), both of which remain in use to date.
Other significant contributions towards reasoning on higher-order languages were made by
Sangiorgi [48, 49] and Lassen [36]. While GSOS-style frameworks ensure compositionality
for free by mere adherence to given rule formats, both logical relations and Howe’s method
instead have the character of robust but inherently complex methods whose instantiation
requires considerable effort.

Recently, notable progress has been made towards generalizing Howe’s method by [31] and
[11], based on previous work on familial monads and operational semantics by [30]. According
to the authors, their approach departs from Turi and Plotkin’s bialgebraic framework exactly
because that framework did not cover higher-order languages at the time. [13] give a general
account of congruence proofs, and specifically Howe’s method, for applicative bisimilarity for
A-calculi with algebraic effects, based on the theory of relators. [28] present a foundational
account of logical relations as structure-preserving relations in a reflexive graph category.

Rule formats like the GSOS format by [10] have been very useful for guaranteeing
congruence of bisimilarity at a high level of generality. However, rule formats for higher-order
languages have been scarce. An important example is that of the promoted tyft/tyxt rule
format, see [9] and [42], which has similarities to our presentation of combinatory logic
in Section 3, but it is unclear whether or not it is an instance of a general, categorical format.
The rule format of Howe [33] was presented in the context of Howe’s method. A variant of
Howe’s format was recently developed by Hirschowitz and Lafont [31].

The present paper is an extended and fully revised version of our contribution to POPL
2023, see [21]. In comparison to the latter, we include additional details and explanations
that had to be omitted for lack of space, in particular full proofs, which we hope will further
illuminate our results.

Subsequent work following our POPL 2023 paper is discussed in Section 6.

2 Preliminaries
2.1 Category theory

We assume familiarity with basic notions from category theory such as limits and colimits,
functors, natural transformations, and monads; see e.g. [37]. For the convenience of the
reader, we review some terminology and notation used in the paper.

Products and coproducts. Given objects X, X, in a category C, we write X; X Xp
for their product, fst: X; X X, — X and snd: X; X X, — X, for the projections, and
{f1, f2): Y — X| X X, for the pairing of morphisms f;: ¥ — X;, i = 1,2. Dually, we write
X1 + X, for the coproduct, inl: X; — X; + X; and inr: X, — X + X, for the injections, and
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[g1,82]: X1 + X, — Y for the copairing of morphisms g;: X; — Y, i = 1,2. Moreover, we
let V = [idy,idx]: X + X — X denote the codiagonal.

Dinatural transformations. Given bifunctors F, G: C°° x C — D of mixed variance, a
dinatural transformation from F to G is a family of morphisms

ox: F(X,X) - G(X,X) (XeC
such that for every morphism f: X — Y of C, the hexagon below commutes.

F(X,X) 25 G(X,X)

F<f,iy' &(ttf)

F(Y,X) G(X,Y)

Fa™ s
F(Y,Y) —— G(Y,Y)

Regular categories. A regular epimorphism is an epimorphism that is the coequaliser of
some pair of parallel morphisms. A category is regular if (1) it has finite limits, (2) for every
morphism f: A — B, the kernel pair p1, p»: E — A of f has a coequalizer, and (3) regular
epimorphisms are stable under pullback. In a regular category, every morphism f: A — B
admits a factorization A —%>> C > B into a regular epimorphism e followed by a
monomorphism m; specifically, e is the coequalizer of the kernel pair of f', and m is the
unique factorizing morphism. Indeed, the main purpose of regular categories is to provide
a notion of image factorization of morphisms that relates to kernels of morphisms in a
similar way as in set theory and universal algebra. Examples of regular categories include the
category Set of sets and functions, the category Set® of (covariant) presheaves on a small
category C and natural transformations, more generally every elementary topos, and every
category of algebras over a signature (see below). In all these cases, regular epimorphisms
and monomorphisms are the (componentwise) surjective and injective morphisms, resp.
Algebras. Given an endofunctor ¥ on a category C, a X-algebra is a pair (A,a) of an
object A (the carrier of the algebra) and a morphism a: XA — A (its structure). A morphism
from (A, a) to a X-algebra (B, b) is a morphism h: A — Bof Csuchthat h-a = b - Xh.
(We denote composition of morphisms by *-’.) Algebras for X and their morphisms form a
category Alg(X), and an initial X-algebra is simply an initial object in that category. We
denote the initial X-algebra’s carrier uX if it exists, and its structure by ¢: X(uX) — uX.
Moreover, we write

it(a): (uX,0) —» (A, a)

for the unique morphism from uX to the algebra (A, a); we often drop parentheses and write
ita for it(a).

More generally, a free X-algebra on an object X of C is a X-algebra (X*X, 1) together
with a morphism 7y : X — X*X of C such that for every algebra (A, a) and every morphism
h: X — A in C, there exists a unique X-algebra morphism 2*: (£*X,1x) — (A, a) such
that = h* - nx. If free algebras exist on every object, then their formation induces a
monad £*: C — C, the free monad on X, see [7]. Every Z-algebra (A, a) induces an
Eilenberg—Moore algebra d: X*A — A, viz. d = id’; for the identity morphismids: A — A.

IThe kernel pair of f: A — B is the pullback p1, p: K — A of f along itself.
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Example 2.1 (Algebras over a signature). The most familiar example of functor algebras
is that of algebras over a signature. An algebraic signature consists of a set X of operation
symbols together with a map ar: £ — N associating to every operation symbol f its arity
ar(f). Symbols of arity O are called constants. Every signature X induces the polynomial set
functor X — [Jres X2V, which we denote by the same letter . We identify an element
(x1,. .., Xar(r)) of the summand X2 with the flat 2-term f(xy, . . . ,Xar(f)). An algebra for
the functor X then is equivalently an algebra for the signature ¥, i.e. a set A equipped with
an operation fA: A" — A for every n-ary operation symbol f € X. Morphisms between
X-algebras are maps respecting the algebraic structure.

Given a set X of variables, the free algebra X* X is the X-algebra of terms generated by X
with variables from X. In particular, the free algebra on the empty set is the initial algebra uX,
and it is formed by all closed terms of the signature. For every Z-algebra (A, a), the induced
Eilenberg—Moore algebra d: *A — A is given by the map evaluating terms over A in the
algebra.

A relation ~ € A X A on a X-algebra A is called a congruence if, for every n-ary operation
symbol f € ¥ and all elements a;,b; €c A(@=1,...,n),

ai~b; (i=1,...,n) implies fA(al,...,a,,) ~ fA(bl,...,b,,).

Note that unlike other authors, we do not require congruences to be equivalence relations. An
equivalence relation ~ is a congruence if and only if it is the kernel of some morphism, i.e.
there exists a morphism #: A — B to some X-algebra B such that

a~b iff h(a) = h(b).

Coalgebras. Dually to the notion of algebra, a coalgebra for an endofunctor B on C is a
pair (C, ¢) of an object C (the state space) and a morphism c¢: C — BC (its structure). A
morphism from (C, c¢) to a B-coalgebra (D, d) is a morphism 4: C — D of C such that
Bh - ¢ =d - h. Coalgebras for B and their morphisms form a category Coalg(B), and a final
B-coalgebra is a final object in that category. If it exists, we denote the corresponding state
space and the structure as vB and 7: vB — B(vB). Moreover, for each coalgebra (C, ¢) we
denote the unique coalgebra morphism by

coit(¢): (C,c) — (vB,1).

Again, we often write coit ¢ for coit(c). Informally, a coalgebra is a categorical abstraction of
a state-based system. The final coalgebra v B is the domain of all possible abstract behaviours
that B-coalgebras may expose, and coit(c) sends every state of a coalgebra to its abstract
behaviour. Accordingly, given coalgebras (C, c¢) and (C’, ¢’) for a functor B: Set — Set, two
states x € C and x” € C’ are behaviourally equivalent, denoted x = x’, if they are identified
in the final coalgebra:

x=x" < coit(c)(x) = coit(c’)(x)

Behavioural equivalence is closely related to the notion of bisimilarity. A bisimulation
between coalgebras (C, ¢) and (C’, ¢’) is arelation R C C X C’ that can be equipped with
a coalgebra structure 7: R — BR such that both projection maps p: (R,r) — (C,¢) and
p': (R,r) — (C’, ") are coalgebra morphisms. Two states x € C and x” € C’ are bisimilar,
denoted x ~ x’, if they are contained in some bisimulation. For functors B preserving weak
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pullbacks, bisimilarity coincides with behavioural equivalence, see [47]:
x~x" = x=x.

Example 2.2. A coalgebra ¢c: C — (P,C)L for the functor BX = (P,X)L on Set,
where P,, is the finite power set functor and L is a fixed set of labels, is precisely a labeled
transition system (LTS). Given LTS (C, ¢) and (C’, ¢”), arelation R C CxC’ is a bisimulation
if it preserves and reflects transitions, i.e. for each pair R(x,x”) and each label a € L,

e if x %5 y then there exists y’ € C” such that x” %5 y” and R(y, y’);
e if x’ 25 y’ then there exists y € C such that x %5 y and R(y, y’).

Since the functor B preserves weak pullbacks, bisimilarity is behavioural equivalence.

2.2 Abstract GSOS

In the following we briefly review the categorical abstract GSOS framework by [56] for
modeling the operational semantics of (first-order) languages. We will refer to it as first-order
abstract GSOS for distinction with the higher-order extension developed in Section 4. The
framework is parametric in two endofunctors £, B: C — C on a category C with binary
products, where X is assumed to have an initial algebra 2 and to generate a free monad *.
The functors X and B represent the syntax and behaviour of a language; in particular, uX
is regarded as the algebra of closed program terms. In abstract GSOS, the (small-step)
operational semantics of a language is specified by a GSOS law of ¥ over B, viz. a natural
transformation

ox: Z(X X BX) —» B¥*X (X €C). 2.1

Informally, o encodes the operational rules of the underlying language: for every constructor f
of the language, it specifies the one-step-behaviour of programs f(—, - - - , —), i.e. the X-terms
they transition into next, depending on the one-step behaviours of all the operands.

Example 2.3. Consider a process algebra with a parallel composition operator (p, q) — p || g
specified by the operational rules
p>p 94

plla—=p'llq plla-=plq
where a ranges over a fixed set L of action labels. To model this specification in abstract
GSOS, one takes the polynomial functor £X = X X X corresponding to the binary operator ||,
and the behaviour functor BX = (P, X)’ representing labeled transition systems. The rules
(2.2) induce a GSOS law of X over B, i.e. a natural transformation

(2.2)

ox: X X (PoX)F X X X (PuX)" = (Pu(Z*X)" (X € Set),
whose components simply encode the two rules into a function:
ox(p. f.q.8) =da.Ap |l q:p € f(@)}V{pllq :q" €gla)}

[56] observed more generally that GSOS laws of polynomial functors X over the functor
BX = (P, X)L correspond to specifications in the GSOS rule format by [10]. The rules (2.2)
for parallel composition are instances of GSOS rules.

Every GSOS law o canonically induces an operational and a denotational model, which
both form bialgebras for the given law o. Formally, a o-bialgebra (X, a, c) consists of
an object X € C, a X-algebra a: £X — X and a B-coalgebra c: X — BX such that the
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left-hand diagram below commutes. A morphism from (X, a, c¢) to a p-bialgebra (X', a’, ¢’)
is a C-morphism &: X — X’ that is both a X-algebra morphism and a B-coalgebra morphism,
i.e. the right-hand diagram commutes:

X 4 X —— BX X 4> X — > BX
2<id,c)l TB& Zhl lh lBh
(X x BX) —— 2, By*x X' —4s x' —<, gx’

We think of a p-bialgebra (X, a, ¢) as a model of the law o: the algebraa: £X — X interprets
the operations of the language, and the coalgebra c: X — BX is a transition system whose
transitions are given by the operational rules specified by o.

The universal property of the initial algebra (uX, () entails that there exists a unique
B-coalgebra structure y: u¥ — B(uX) such that (uX,t,y) is a p-bialgebra. This is the
initial p-bialgebra, i.e. the initial object in the category of bialgebras and their morphisms.
It is called the operational model of o, as it is thought of as the transition system on terms
specified by the rules corresponding to o.

Dually, if B has a final coalgebra (vB, 1), it uniquely extends to a o-bialgebra (vB, a, 7).
This is the final o-bialgebra, and it is called the denotational model of o. We think of vB
as the object of abstract behaviours of systems of type B, and of the denotational model as
interpreting the operations of the language at the level of abstract behaviours.

It follows that, both by initiality and finality, there exists a unique bialgebra morphism
beh, from the operational model (1, ¢, y) to the denotational model (vB, @, 7):

S(uE) — uE —L> B(uZ)
Zbehgl ibehg leehg

%(vB) —%> vB — B(vB)

The map beh,, gives the denotational semantics of the language: it assigns to each program
in p its abstract behaviour in vB.

For C = Set and a polynomial functor X, the fact that beh, is a X-algebra morphism
immediately implies that behavioural equivalence, namely the relation = on uX given by

p=q < behy(p) =behy(q),

is a congruence on the initial algebra uX. This means that the behaviour of a program term
f(p1, ..., pn) is completely determined by the behaviour of its subterms py, ..., p,; in other
words, the denotational semantics induced by o is compositional.

3 Combinatory logic

Our goal in the sequel is to extend Turi and Plotkin’s abstract GSOS in a way that higher-
order languages, such as the A-calculus, can be modeled and reasoned about in the abstract
categorical framework. We ease the reader into our theory by first considering a combinatory
logic, the SKI calculus, originally introduced by [12]. It forms a computationally complete
fragment of the untyped A-calculus that does not feature variables, which for now allows us
to bypass the technical intricacies arising from binding and substitution; these are treated
later in Section 5. Specifically, we work with a variant of the SKI calculus featuring auxiliary
operators, first introduced by [14]. We refer to this variant as extended combinatory logic, or
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xCL for short. It is as expressive as the standard calculus but allows for a simpler coalgebraic
presentation.

3.1 Extended combinatory logic

The set AgL of xCL-terms is generated by the grammar
AcL =S| K | I'|app(AcL, Act) | S'(AcL) | K'(Acy) | 8" (Act, Acu).

The binary operation app corresponds to function application; we usually write s¢ for
app(s, t). The standard combinators (constants) S, K and I represent the A-terms

S =Ax.2y.2z. (x2) (y 2), K =Ax.y.x, I=2x.x.

The unary operators S” and K’ capture application of S and K, respectively, to one argument:
S’(t) behaves like S¢, and K’ (t) behaves like K ¢. Finally, the binary operator S” is meant
to capture application of S to two arguments: S”' (s, t) behaves like (S s) 7. In this way, the
behaviour of each combinator can be described in terms of unary higher-order functions; for
example, the behaviour of § is that of a function taking a term ¢ to S’ (¢).

The small-step operational semantics of XCL is given by the rules displayed in Figure 1,
where p, p’, ¢, t range over terms in Agy. The rules determine a labeled transition system

— C AcL X (AgL +{}) X AcL 3.1

by induction on the structure of terms in Ag|, with {_} denoting the lack of a transition label.
In this instance the set AgL of labels coincides with the state space of the transition system.
Note that every ¢t € Agy either admits a single unlabeled transition t — ¢’ or a family of
labeled transitions (¢ = #,)seag, ; thus, the transition system is deterministic. The intention
is that unlabeled transitions correspond to reductions (i.e. computation steps) and that labeled
transitions represent higher-order behaviour: a transition ¢ -5 f; means that the program ¢
acts as a function that outputs 7, on input s, where s is itself a program term. An important
observation towards specifying an abstract format in Section 3.2 is that labeled transitions are
uniformly defined for every input s € AgL, in that operators do not inspect the structure of s.

Remark 3.1. The incorporation of the auxiliary operators S’, S’ and K’ leads to a more
consistent semantics, where all combinators accept exactly one argument. In addition, this
allows us to bypass the issue of a program equivalence potentially telling combinators
apart based on the number of their input arguments. Interestingly, [14] also introduce the
auxiliary operators S’, S” and K’ to avoid precisely this issue (see §5.2 in op. cit.). The added
operators do not alter the functional behaviour of programs compared to the standard SKI
calculus, except for adding more unlabeled transitions. For example, the conventional rule
Stse — (te) (se) for the S-combinator (see e.g. [29]) is rendered as the following sequence
of transitions in xCL:

Stse— S (t)se— §"(t,5)e > (te) (se).

The first transition exists because (1) S - S’(¢) by the rule for S; (2) therefore St — S’(z) by
the second rule of application; (3) therefore St se — S’(¢) s e by the first rule of application.
Similarly for the second and third transition.

Like every labeled transition system, AgL comes with a notion of (strong) bisimilarity; see
Example 2.2. Explicitly, a relation R € Ac X AcL is a bisimulation if, for all p R ¢,
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S L 8(1) 8'(p) L 8" (p,1) S"(p.q) L (p1) (q1)

p—p p-Lp
K L5 K'(1) K'(p) L p I Lt Pqg—pq pq—p

Fig. 1. Operational semantics of the xCL calculus.

D p—=p = 3¢.9g—>4q Ap' Ry

2 gq—q = 3p".p—>p AP’ Rq";

B)VieAe, p-Hp = A¢d. 95 ¢ Ap'Rq';

@ VteA,gq-bqg = Ap'.p-Lp Ap RY.

We write ~ for the greatest bisimulation, viz. the union of all bisimulations (which is itself a
bisimulation), and call two programs p and g bisimilar if p ~ g. The relation ~ identifies

programs that are indistinguishable in terms of computation steps and functional behaviour,
in that they produce bisimilar terms given the same input.

Example 3.2. The terms (S K) I and (S K) K transition as follows:

(SK)I — S'(K)I — S"(K,I) - (K1) (It) = K'(t) (It) — 1,
(SK)K — S'(K)K — §”(K,K) -5 (K1) (K1) — K'(1) (K1) — 1.

It follows that (SK) I ~ (SK) K.

The set AcL of xXCL-terms forms the initial algebra for the algebraic signature
> ={85/0,K/0,1/0,8"/1,K'/1,8"/2,app/2},

with arities as indicated, and bisimilarity is respected by all operations of the language:

Proposition 3.3 (Compositionality of XCL). The bisimilarity relation ~ is a congruence.

3}

Proor. In the following, by a context we mean a term C € *{-} in which the variable
(the ‘hole’ of the context) appears at most once. We denote a context by C|[-], and we write
C[p] = C[p/-] € AcL for the closed term obtained by substituting p € Ag_ for the hole in
C[-]. An equivalence relation R C AgL X Agy is a congruence if and only if the following
relation is contained in R:

R ={(C[p].Clq]) € AcL X AcL | C[] is a context and p R g}.

Thus, our task is to prove ~ C ~. To this end, it suffices to prove that < is a bisimulation up to
transitive closure. This means that for every context C|[-] and p, g € AcL such that p ~ ¢,

Ak )

e cither there exist p’, g’ € AgL such that C[p] — p’, Clq] — ¢’ and p’**¢’,
e or for every t € Agy, there exist p’,q’ € AcL such that C[p] 5 p’, Clq] 5 ¢’

rak ot

and p’'~*q’,

where 2* denotes the transitive closure of <. This then implies that 2* is a bisimulation.
Consequently we obtain & C 2* C ~ because ~ is the greatest bisimulation.

2In other words, in XCL, bisimulation up to transitive closure is sound for bisimilarity. The proof is simple, and we
omit details. For more information on up-to techniques, see e.g. [46, 50].
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We proceed by structural induction on C|[-]. The cases where C|-] is not an application
term are straightforward. For instance, for C[-] = S”(r, C’[-]), the property in question can
be read from the diagram

§7(r,C’'[pl) A~ S§7(r.C'q])

al |

(ro(C’'[pl) 2> (ro)(C'lq] 1)

In fact, the two terms on the bottom are even related by ~. For application terms, we distinguish
cases as follows.

e IfC[-] = C’[-] r and the transition of C[ p] comes from an unlabeled transition C’ [ p] — p’,
then the transition of C[p] is C’[p]r — p’r, and by induction, we have ¢’ such that
C’[q] — ¢’ and p’ 2* ¢’. This implies C[q] = C’[q] r — ¢’ r and moreover p’ r ** ¢’ r;
for the latter we use that the relation 2* is a congruence, which follows from the fact that
< is a congruence by definition and transitive closures of congruences are congruences.

e If C[-] = C’[] r and the transition of C[p] comes from a labeled transition C’'[p] 5 p’,
then the transition of C[p] is C’[p] r — p’. By induction, we have ¢’ suchthatC'[¢] = ¢’
and p’ 2* ¢’, and then C’[¢g] r — ¢’.

e If C[-] = r C’['] and the transition of C[p] comes from an unlabeled transition r — r’,
then we have r C’[p] — r’ C’[p] and r C’[g] — ' C’[g] which completes the case since
r'C'[p]l * ¥ C’[ql,sor C'[p] ** ' C'[4].

e Finally, suppose that C[-] = r C’[-] and the transition of C[p] comes from a labeled
transition of . According to the rules in Figure 1, for every t € Ac_ we have r - r/[t/x]
for some term r’ with one free variable x such that r* depends only on r but not on z. Hence,
r el r’'[C’[pl/x], r C’'[p] — r'[C’[p]/x] and similarly r C"[q] — r'[C’[q]/x].
Since C’[p] ~ C’[q], we conclude that ¥’ [C’[p] /x] #* ' [C’[q]/x]. (Note that the variable
x can appear multiple times in 7’, so we generally do not have r'[C’[p]/x] ~ r'[C’[q]/x].
This explains the need for the transitive closure <*.) O

The proof of Proposition 3.3 is laborious, as it requires tedious case distinctions and a
carefully chosen up-to technique, although the latter could have been avoided by working
with multi-hole contexts. The present proof is also tailored to a specific language, one among
many systems exhibiting higher-order behaviour. In the sequel, we describe an abstract,
categorical representation of such higher-order systems that guarantees the compositionality
of the semantics. In particular, we shall demonstrate that Proposition 3.3 emerges as an
instance of a general compositionality result (Theorem 4.14).

3.2 A simple higher-order rule format

From a coalgebraic perspective, the deterministic labeled transition system (3.1) on xCL-terms
forms a coalgebra

y: AcL = AcL + AR (3.2)

for the set functor Y +— Y + YL, where the two summands of the codomain represent
unlabeled and labeled transitions, respectively. Note that the coalgebra (3.2) can be regarded
as an instance of an applicative transition system (see [3]) with S-reduction. We can abstract
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away from the set Ag of labels and consider 7y as a system of the form
Y > Y +YX

For higher-order systems such as y: Ac. — AgL + AéEL, we expect X =Y, underlining the

fact that inputs come from the state space of the system. Note that the assignment

B(X,Y) =Y +YX: Set°® x Set — Set (3.3)

gives rise to a bifunctor that is contravariant in X and covariant in Y. On the side of syntax,
the signature of xCL yields the polynomial endofunctor X: Set — Set given by

ZX — U Xar(f)
te{S.K.1,S",K’,S" ,app} ’

As a first step towards our higher-order abstract GSOS framework, we next introduce a simple
concrete rule format for higher-order combinatory calculi that generalizes xCL.

Definition 3.4 (7O rule format). Fix the countably infinite set
V={x} U {xiy,y; : i€{1,2,3,...}and z € {x,x1,x2,x3,...} }.
of metavariables and an algebraic signature .

(1) An ‘HO rule for an operation symbol f € X is an expression of the form

Z
(xj = yjew (58 = V)ieW, zefnrrxn)
(3.4)
f(x1,...,xp) &t
or
Ve
(xf - Yj)jeW (xi — yf)iew,ze{x,)n ..... Xn}
- 3.5)
f(x1,...,xp) — ¢

where x,xi,y,-,yfj eV,n=ar(f), W {l,....n}, W={1,....,n} ~ W,and r € Z*V
is a term depending only on the variables occurring in the premise; that is, in the rule
(3.4) the term ¢ can depend on the variables x; i = 1,...,n), y; (j € W), and yfj (i€ w,
J =1,...,n),and in (3.5) it can additionally depend on x and y} (i € w).

(2) An HO specification for T is a set of HO rules such that for each n-ary f € X and each

W C {l1,...,n}, there is exactly one rule of the form (3.4) or (3.5) in the set.
Intuitively, for every given rule the set W C {1,. ..., n} determines which of the operands
of f(x1,...,x,) perform a reduction and which exhibit higher-order behaviour, i.e. behave

like functions. For i € W, the format dictates that said functions can be applied to a left-side
variable x; or the input label x, and then the output x;(x;) = yf’ or x;(x) = y} can be used
in the conclusion term #. The uniformity is apparent: rules cannot make any assumptions on
the input label x or on other left-side variables that are used as arguments on the premises.

Example 3.5. The rules of xCL in Figure 1 form an HO specification modulo suitable
renaming of variables and adding dummy premises. For illustration, let us consider the
second rule for application. Using the variables x1, x3, yfz instead of p, g, p’, this rule can be

rewritten as
X1 X2 y)]CZ
app2 -
X1X2 =y,
This is not yet an HO rule, since the latter require a complete list of premises. However, by
filling in the missing premises in every possible way, app2 is equivalent to the following two
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HO rules. These rules correspond to y, being a reducing term or to y, computing a function,
respectively, that is, to the choices W = 0 and W = {2} in (3.4):

X1 X X2 X2 X1 X1 X2 x>
X1 —™Y X1 —™Y X2 =Y, X2 =Y,
app2-a

X2

X1x2 =y,

X1 x X2 X

11—y 1y xowm
app2-b

X2
X1 X2 — yl

Similarly, the combinator rule

S"(p) L 8”(p,1)

is turned into the two rules

X1 — Y1 xp =L YTI
8" (x1) =5 8”(x1,x) 8" (x1) =5 8”(x1,x)

by using the variables x1, x instead of p, ¢t and adding the required dummy premises for x.

Generalizing the case of xCL, every HO specification induces a B(uX, —)-coalgebra
y: puE — u + uSHE (3.6)

carried by the initial algebra X of closed Z-terms that runs program terms according to the
given HO rules. Again, its bisimilarity relation is compatible with all language operations:

Proposition 3.6 (Compositionality of HO). For every HO specification, the bisimilarity
relation ~ of the induced coalgebra y: u~ — B(uZ, uX) is a congruence on ux.

The proof is similar to that of Proposition 3.3; we omit it because it is subsumed by our
general compositionality result for higher-order abstract GSOS (Theorem 4.14).

We are now prepared to make the key observation leading to our notion of higher-order
GSOS law developed in Section 4. Recall from Section 2.2 that GSOS specifications are in
bijective correspondence with GSOS laws of a polynomial functor X over BX = (P, X)L,
i.e. natural transformations of the form

ox: Z(X X (P,X)F) = (P, (Z*X)E (X € Set).

Similarly, H O specifications correspond to certain (di)natural transformations that distribute
a polynomial functor X over the behaviour bifunctor B(X,Y) =Y + YX:

Theorem 3.7. For every algebraic signature X, there is a bijective correspondence between
HO specifications for ¥ and families of maps

oxy: S(XxB(X.,Y)) - B(X,S*(X+Y))  (X.Y € Set) (3.7)

dinatural in X and natural in 'Y .

Remark 3.8. Before turning to the proof, let us elaborate on the statement of the theorem
and discuss the underlying intuitions.
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(1) The (di)naturality conditions on the family 0 = (0x.y)x. veset assert that the hexagon

(X x B(X,Y)) —2X5 B(X,T*(X +7))

Z(idXB(fV wf*(fﬂd))

(X x B(X',Y) B(X,=*(X' +Y)) (8
Z(fxB(idm A;*(idnd))

ox’y

(X' X B(X',Y)) —> B(X',Z*(X’' +Y))
commutes for all sets X, X’,Y and functions f: X — X’, and moreover that the rectangle
S(X x B(X,Y)) =25 B(X,2*(X +7Y))
E(ide(id,g))l lB(id,Z*(id+g)) (3.9)
(X x B(X,Y")) 225 B(X,S*(X +Y"))
commutes for all sets X,Y, Y’ and functions g: ¥ — Y’.

(2) The need for dinaturality comes from the mixed variance of the behaviour bifunctor B,
which in turn is caused by the fact that variables are used both as states (covariantly) and
as labels (contravariantly). The role of dinaturality is then the same as otherwise played by
naturality: It ensures on an abstract level that the rules are parametrically polymorphic, that
is, they do not inspect the structure of their arguments.

In more technical terms, (di)naturality enables the use of the Yoneda lemma to establish the
bijective correspondence of Theorem 3.7. Explicitly, the bijection maps an 4O specification R
to the family (3.7) defined as follows. Given X, Y € Set and

w=1((ur,vi),..., (uy,vy)) € (X X B(X,Y)),

consider the unique rule in R matching fand W = {j € {1,...,n} : v; € Y}. If that rule is
of the form (3.4), then

oxy(w) €Z*(X +Y) C B(X,Z*(X +Y))

is the term obtained by taking the term 7 in the conclusion of (3.4) and applying the
substitutions

xiu(ie{l,...,n}), yiev;(GeEW), ¥’ vi(u) (eW,je{l,...,n}).
If the rule is of the form (3.5), then
oxy(w) € ZX(X + V)X C B(X,Z*(X +7Y))

is the map u +— 1, where the term ¢, is obtained by taking the term 7 in the conclusion of
(3.5) and applying the above substitutions along with

X u and yi—vi(u) (ie W).

(3) Thus, the intuition behind Theorem 3.7 is that o encodes a set of HO-rules into a
(di-)natural, i.e. parametrically polymorphic, family of functions. The use of two sets X and Y
in px y reflects that rules may have premises x N y with two types of variables, namely
variables x,x” € X that can appear both as inputs (covariantly) and labels (contravariantly),
and variables y € Y that appear (covariantly) as outputs. The coproduct in 2* (X + Y) ensures
that both types of variables can appear in output terms of rules.
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Example 3.9. Let o be the family corresponding to the HO specification of xCL, see
Example 3.5. Given

w = (ur,vi) (u2,v2) = app((u1, v1), (uz,v2)) € X(X x B(X,Y))

where v; € YX, one has ox.y(w) = vi(u2), according to the rule app2.

Proor or THEOREM 3.7. (1) Removing the syntactic sugar from Definition 3.4, we see
that HO specifications for a signature X correspond bijectively to elements of the set

[1 (z* (ar(f) + W+ ar(f) x W) + *(ar() + 1 + W + (ar() + 1) x W)). (3.10)
feX

Wcar(f)
Here, we identify the natural number ar(f) with the set {1, ..., ar(f)}. Recall that a choice
of W C {1,....ar(f)} determines which of the operands of f perform a reduction (see

Definition 3.4 and the explanations afterwards), and we let W = ar(f) ~. W denote the
complement. Thus the summands under X* spell out which variables may be used in the
conclusion of the respective rule. For instance, the rule app2-b of Example 3.5 corresponds
to the element

(2,1) € ar(app) x W C =*(ar(app) + W + ar(app) x W)

where the variable y)lCZ is identified with (2, 1), and ar(app) = 2 is the arity of the application
operator, and W = {2}.

We are thus left to prove that elements of the set (3.10) are in a bijective correspondence
with (di)natural transformations of type (3.7).
(2) For functors F, G : Set® x Set x Set — Set we let DiNaty y (F(X, X,Y),G(X, X,Y))
denote the collection of all families of maps oxy: F(X, X,Y) — G(X, X,Y) dinatural in
X € Set and natural in Y € Set. Then we have the following chain of bijections:

DiNaty,y (2(X x B(X,Y)), B(X,Z*(X +Y)))
= DiNaty Y(]_[ (X x B(X,Y)*D B(X,Z*(X +Y)))

13

]_[fe DiNatx y (X x B(X,Y))* ', B(X,=*(X +Y)))

l_[f . DiNatx y (X x (¥ + Y¥)TD B(X, 2*(X + 1))

l_[fe DiNaty y

l_[f - DINatX Y

ar(f) w XxXW *
[ s DiNatey (x @ [ [ - ¥Y < y*W BN X +Y)) (o)

1_[ D|NatX Y
feX

: ar(f) W+XXW *
ﬂfez ]_[W;arm DiNaty.y (X* " x ¥ ,B(X,Z*(X +7Y))).

13

X0 (v + Y% B(X,=*(X +7)))

I3

x20 x UWCar(f) YW x (YX)W’B(X’ Z*(X + Y))) (%)

13

1

(
(
(
(
(
(

ar(f) w XxXW *
]_[Wcar(f) x YT x YTV B(X, EX(X +7Y))) (%)

1R

In the two steps marked (*) we use that products distribute over coproducts in Set, and in the
step marked () we use that (AB)C = ABXC forall A, B, C € Set. We claim that each factor
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of the last product satisfies
DiNaty y (X* O xyW+XW B(X $*(X +Y)))
= DiNaty.y (X2 x yYWHOW s*(X 1 v)) + (3.11)
DiNaty y (X2 ® x yWHXXW (5% (x +¥))¥).

To see this, let o be a family of maps in DiNaty y (X2 (® x YW+X<W B(X, £*(X + Y))).
Consider the diagram below, where !x: X — 1 and !y : Y — 1 are the unique maps into the
singleton set 1. The upper part of the diagram commutes by naturality in ¥ and the lower part
by dinaturality in X.

XD 5 yWHOW _EXT, ok (X 1Y) + (ZX(X + )X

X3 x (1 )id+Xid * (id+ly )+ (Z* (id+1y )X

xar() 5 (WHXxW _ZX0 sx (x4 1) + (ZF(X + 1)X

idx 119+ x xid | = =* (Ix+id) +(Z* (1x+id) )X
xar(f) x [WHIxW TH(L+ 1)+ (2*(1+ 1))
(1x)¥ 0 xid id+(S* (1+1))'x

1ar®) s (WADW _CLL sk (4 1) 4 (SF(1 + 1))

Note that every map of type 1 — A + B into a coproduct (disjoint union) simply chooses
an element of one the summands A or B. In particular, this applies to the map oy ;: It has
domain 13" x 1W+>XW = [ o it chooses an element of *(1 + 1) or (£*(1 + 1))!. Note
that this element is independent of the given objects X and Y since the component o1 ; is
independent from X and Y. It follows that the image of the upper leg

(2*(!)( + Id) + (2*(')( + Id)) . (Z*(Id+'y) + (2*(Id+'y))x) *OXy

of the above commutative diagram is either a single element of £* (1 + 1) or a single element
of (Z*(X + 1))X. This implies that the image of ox.y must be contained in one of the
summands of its codomain: It is either a subset of 2* (X + Y) for every X, Y, or a subset of
(Z*(X +Y))X for every X, Y. This proves the isomorphism (3.11).

(3) It remains to show that the two summands in (3.11) are isomorphic to the corresponding
summands in (3.10). For the first one, let Natx (F(X), G(X)) denote the collection of natural
transformations between functors F', G: Set — Set. Then

DiNaty y (X*® x yW+XXW sx(x 4+ v))
= Naty (X, Naty (YW W 5% (X +Y)))
= Naty (YW OXW 5 (ar(f) + v))
= >*(ar(f) + W + ar(f) x W).
The last two isomorphisms use the Yoneda lemma, and the first one is given by currying:
o — (xreXx¥ (oxy(x.-)y)x.

Note that for every x € X¥ (" the family (ox.y (x, —): YW W _ % (X +Y))y is indeed
natural in Y; the naturality squares are equivalent to the ones witnessing naturality of px y in
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Y. Similarly, the family (Ax € X2 (ox .y (x,-))y )x is natural in X; the naturality squares
are equivalent to the commutative hexagons witnessing dinaturality of ox y in X.
Much analogously, we have
DiNaty y (X¥(® x yW+XXW (5% (x +7))¥)
= Naty (X x X, Naty (YW*XW 5%(X +1)))
= Naty (X>+! Naty (Y WOV 5*(X +Y)))
= Naty (YW *+@O+DXW sx(ar(f) + 1 + 7))
= Y*(ar(f) + 1+ W+ (ar(f) + 1) x W).

This concludes the proof. O

3.3 Nondeterministic xCL

Just as the A-calculus, combinatory logic can be enriched with other features, such as
nondeterminism, and the theory of applicative bisimulations can be readily developed for
such extensions. For the A-calculus this has been pioneered by Sangiorgi [48]. For example,
consider an extension of xCL with a binary operator & representing nondeterministic choice.
The grammar of the extended language xCL? is given by

Ag =S| K| T]app(AS,AS) | S'(AS) | K'(AZ) | S”(AZ,AZ) | AZ & AZ,.

On the side of the operational semantics, xCL® has the same rules as xCL (see Figure 1),
plus the following two rules for resolving nondeterminism:

p®qg—p P®qg—gq
This semantics calls for the modification of the behaviour bifunctor B(X,Y) =Y + YX to
B®(X,Y) = P, (Y +Y¥X): Set® x Set — Set, (3.12)

where &, is the finite powerset functor. Sets of nondeterministic transition rules such as
those of xCL® then correspond to families of functions

oxy: (X x B®(X,Y)) - B®(X,Z*(X +7Y)) (X,Y € Set)
dinatural in X and natural in Y. In analogy to Proposition 3.3, we have the following
compositionality result:

Proposition 3.10. Bisimilarity for xCL® is a congruence.

Rather than giving another proof by induction on the syntax, we will derive this proposition
from our abstract congruence result (Theorem 4.14). This highlights the advantage of the
genericity achieved by working in a category-theoretic framework.

4 Higher-order abstract GSOS

We present the main contribution of our paper, a theory of abstract GSOS for higher-order
languages that retains the key feature of Turi and Plotkin’s first-order framework, namely that
(under mild conditions) compositionality of specifications comes for free.
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4.1 Higher-order GSOS laws

The results of the previous section, most notably Theorem 3.7, suggest a path towards
modeling higher-order languages in an abstract, purely categorical fashion: Present their
small-step operational semantics in terms of families of morphisms

oxy: 2(X x B(X,Y)) - B(X,Z*(X +7Y)), “4.1)

dinatural in X € C and natural in Y € C, parametric in a base category C and two functors
>¥: C — Cand B: C° x C — C representing the syntax and behaviour of the language. The
initial X-algebra X should thus correspond to the terms of the language and their dynamics
should be modelled after a B(uX, —)-coalgebra structure y: u% — B(uZ, uX).

With the developments in Section 5 in mind, we will actually work with a slightly more
general format where X is required to be a pointed object:

Notation 4.1. Given a fixed object V of a category C, we let V /C denote the coslice category
of V-pointed objects. Its objects are pairs (X, px) of an object X € C and a morphism
px:V — X of C. A morphism from (X, px) to (Y, py) is a morphism h: X — Y of C such
that 4 - px = py. We write

j:V/C—>C
for the forgetful functor given by (X, px) — X and h + h.

We think of V as a set of variables, and of a V-pointed object (X, px) as a set X of program
terms in free variables from V with an embedding px: V — X of the variables.

Assumptions 4.2. From now on, we fix the following data:
(1) acategory C with finite limits and colimits;
(2) an object V € C of variables;

(3) two functors X: C —» C and B: C°° x C — C, where X is of the form £ = V + ¥’ for
some X’ : C — C and has free algebras on every object, hence generates a free monad *. In
addition, we require the functor B(uX, —) to admit a final coalgebra, where uX = *0.

Definition 4.3. A V-pointed higher-order GSOS law of X over B is a family of morphisms
oxy: Z(jX X B(jX,Y)) = B(jX,Z*(jX +7)) 4.2)
dinatural in X € V/C and natural in Y € C.

Remark 4.4. More explicitly, dinaturality in X € V/C means that the hexagon (3.8) commutes
for all objects (X, px), (X’,px) € V/C and Y € C and all morphisms f: (X, px) —
(X’, px+) in V/C. Similarly, naturality in ¥ € C means that the rectangle (3.9) commutes for
all objects (X, px) € V/CandY,Y’ € C and all morphisms g: ¥ — Y’ in C.

Laws of the form (4.1) emerge from (4.2) by choosing V = 0, the initial object of C. When
running the semantics, both X and Y will be instantiated to the free algebra uX. Abstracting
from this choice ensures that program terms are used in a parametrically polymorphic,
uniform way.

Every object X € C induces an endofunctor B(X,-): C — C. For instance, the transition
system y: AgL — AgL + ASEL from (3.2) is a B(uZX, -)-coalgebra. The state space Ac
is the initial X-algebra for the corresponding polynomial set functor X; the codomain is

B(uX, u%). The definition of the map v is inductive on the structure of terms. It turns out
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to be an instance of a definition by structural induction in which we assign to a V-pointed
higher-order GSOS law its canonical operational model. For technical reasons, we formulate
the abstract definition of y yet more generally, by parametrizing it with a X-algebra (A, a) —
the motivating instance is obtained by instantiating A with the initial algebra pX.

Remark 4.5. For every X-algebra (A, a), we regard A as a V-pointed object with point
pa=(V-5vViya=34-5 a).

Note that if &: (A, a) — (B, b) is a morphism of X-algebras, then / is also a morphism of
the corresponding V-pointed objects.

Lemma 4.6. Given a V-pointed higher-order GSOS law o, every X-algebra (A, a) induces a
unique morphism a*: u¥ — B(A, A) in C such that the following diagram commutes.
S(uE) ‘ >
E(ita,a"’)l la‘ 4.3)

QA,A B(id,Z*V) B(id,a)
_—

(A x B(A,A)) 23 B(A,*(A + A)) B(A,T*A) =24 B(A, A)

Here (u2, 1) is the initial £-algebra, 4: *A — A is the Eilenberg—Moore algebra corre-
sponding to the X-algebra (A, a), and we regard A as V-pointed as in Remark 4.5.

ProoF. Existence of a*. By initiality of uZ, there exists a unique morphism {(w, a*) in C
making the diagram below commute:
2 (uZ) - Uz
0w, awl lw’“‘) (4.4)

a-Xfst, i id,a-=*
S(A X B(A, A)) AN 4 BA S (A + 4)) TEEETT) 4 B(A,A)

Postcomposing this diagram with fst: A X B(A, A) — A shows that w: u¥ — (A, a) is a
X-algebra morphism; hence w = ita and the diagram (4.4) can be rewritten as

2 (uZ) : >
Z(ita,a“')l l(ita,a“) 4.5)
a-Xfst, i id,a-x*
S(A X B(A, A)) AN 4 BA (A + A)) TEEAET) 4 B(A, A)

By postcomposing with snd: A X B(A, A) — B(A, A) we see that (4.3) commutes.

Uniqueness of a*. Suppose that a* is a morphism such that (4.3) commutes. Then (4.4)
commutes with w = it a, so uniqueness of a* is entailed by the uniqueness of (w,a*). O

Definition 4.7. The operational model of a V-pointed higher-order GSOS law o is given by
the B(uX, —)-coalgebra
& pT — B(uz, ux).

Example 4.8. (1) Consider the higher-order GSOS law o corresponding to xCL (see
Examples 3.5 and 3.9). Then the operational model ¢* is precisely that transition system
v:AcL — AcL + AQEL of (3.2) induced by the rules in Figure 1. Given a X-algebra (A, a),
the morphism a* is obtained by interpreting all those transitions in the algebra A. For instance,
since there is a transition K - K’(t), we have a*(K) € A4 given by a*(K)(u) = (K")*(u),
where (K’)4: A — A is the interpretation of the unary operation symbol K’ € ¥ in A.
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(2) More generally, the operational model y: uX — uX + uX** of an HO specification,
which runs programs according to the given inductive O rules, coincides with the operational
model * of its corresponding higher-order GSOS law (Theorem 3.7).

Remark 4.9 (First-order vs. higher-order abstract GSOS). Higher-order abstract GSOS is
a conservative extension of first-order abstract GSOS (Section 2.2). In more detail, given
endofunctors X, By: C — C, every first-order GSOS law

0): (Y x BoY) — Bo=*Y (Y €C)
of X over By can be turned into a O-pointed higher-order GSOS law
oxy: (X xB(X,Y)) » B(X,Z*(X +Y)) (X,Y €C)
of X over B: C°° x C — C, where B(X,Y) = ByY, whose components are given by

Z (inlx Byinr)
—_—

oxy = ( Z(X X BpY) 2((X+Y)XBo(X+7Y)) ﬁ» ByZ* (X +7Y) ).

Let us check that o is indeed a higher-order GSOS law. Naturality of ox — is shown by the
following commutative diagram for f: ¥ — Y’. The left-hand part obviously commutes, and
the right-hand one commutes by naturality of o°.

(inlx Byinr) %y
(X X B(X,Y)) = 2(X x BoY) — Z((X +Y) X Bo(X +Y)) — BoZ*(X +Y) = B(X,Z*(X +Y))
Z(ideUf){ JZ((id+_f)><BU(id+f)) l&,z*(idﬁ)
3 (inlx Byinr) %y

S(X x B(X,Y')) = S(X X BoY’) > S((X +Y") X Bo(X +Y")) > Bo=*(X +Y’) = B(X,Z*(X +Y"))

Since B(X,Y) = ByY does not depend on its contravariant component, dinaturality of o_ y
is equivalent to naturality and is shown by the commutative diagram below for g: X — X”:

% (inlx Boinr) BResy
S(XXB(X,Y)) = S(X X BoY) — (X +Y) x Bo(X +Y)) — BoZ*(X +Y) = B(X,2*(X +Y))
Z(gXid)‘ [2((g+id)><Bo(g+id)) lBoE*(A’*‘d)
= (inlx Byinr) Qg(wy

(X X B(X',Y)) = S(X' X BoY) > S((X’ +Y) X Bo(X' +Y)) > ByS*(X’ +Y) = B(X',Z*(X’ +Y))
The two laws 0° and o are semantically equivalent in the sense that their operational models
y: uE — Bo(uX) and  (*: uX — Bo(uX) = B(uZ, uX)

coincide. To see this, recall from Section 2.2 that the coalgebra structure y is uniquely
determined by the following commutative diagram:

2(uT) : px

Z(id,y}l . ly

Ous

S(UE X By(uS)) ———— ByZ*(uE) — 2> By(uX)

Thus, we only need to show that ¢* is such a y, which follows from the commutative diagram
below. The upper cell commutes by definition of ¢*, the cell involving sz commutes by
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naturality of 0°, and the remaining cells commute either trivially or by definition.

L(uE) : #z
(ite, o*)

B(id,=*V) B(id, )
S(UZ X BUE, pE)) —225 B(UE, B (UT + pT)) —> B(uE, T* (X)) —> B(uZ, uZ)

Z(inlx Byinr) o
Ousipx
E((uZ + uX) X Bo(uX + pX)) BoI*V
%
0
z

S(uE x Bo(uE)) i BoS* (%) Bo(uZ)

=(id, *)

*

Remark 4.10. The construction of the operational model (Definition 4.7) only uses the
component g5, s of the given higher-order GSOS law, followed by a codiagonal that simply
forgets which of the two copies of uX the individual variables of the output term come
from. It would thus be tempting to generalize higher-order GSOS laws (4.2) to dinatural
transformations of type

0% (X x B(X, X)) > B(X,Z*X). (4.6)

Note that they are indeed more general: every higher-order GSOS law (4.2) induces a dinatural
transformation (4.6) by putting

Qxx B(ld

ok = ( Z(X x B(X, X)) 25 B(x,=*(X + X)) 290 p(x,5*x) ).

Unfortunately, this format appears to be too permissive to guarantee congruence. Specifically,
the proof of Lemma 4.16 below, which is the key to our congruence result, crucially rests
on the ‘two-variable’ form px y of higher-order GSOS laws and does not carry over to the
generalized format.

4.2 Compositionality

We now investigate when a higher-order GSOS law gives rise to a compositional semantics.
Recall from Section 2.2 that in first-order abstract GSOS, compositionality comes for free
and is an immediate consequence of uX extending to an initial bialgebra and v B extending to
a final bialgebra for a given GSOS law. We shall see in Section 4.3 that the latter does not
carry over to the higher-order setting. Therefore, we take a different route to compositionality,
working in a framework of regular categories (Section 2.1).

Assuming that the final B(uX, -)-coalgebra

(:7Z > B(u%,Z)

exists, we think of the unique coalgebra morphism coit(:*): uX — Z from the operational
model *: u¥ — B(uZ, uX) (Definition 4.7) to (Z, £) as the map assigning to each program
in u¥ its abstract behaviour. The ensuing notion of behavioural equivalence is then expressed
categorically by the kernel pair of coit(:*), i.e. the pullback

| Joot @7
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Definition 4.11. The kernel pair E is a congruence if it forms a subalgebra of the product
algebra ¥ X uX; that is, E can be equipped with a (necessarily unique) X-algebra structure
(E,e) such that py, pa: (E,e) — (uZ,t) are X-algebra homomorphisms.

Remark 4.12. For C = Set and X a polynomial functor, the kernel E is the equivalence
relation on uX defined by

E ={(s,1) € uZ x uX: (coitt*)(s) = (coite*)(¢) }

with the two projection maps p;(s,t) = s and p»(s,t) = t, and E forms a congruence in the
above categorical sense if and only if it forms a congruence in the usual algebraic sense as
recalled in Section 2.1, i.e. it is compatible with the X-algebra structure of uX.

Our main compositionality result asserts that for a regular base category C and under mild
conditions on the functors X and B, behavioural equivalence is always a congruence.

Remark 4.13. Recall that a parallel pair f, g: X =37 is reflexive if there exists a common
splitting, viz. a morphism s: ¥ — X such that f - s = idy = g - 5. A reflexive coequalizer is
a coequalizer of a reflexive pair. Preservation of reflexive coequalizers is a relatively mild
condition for set functors. For instance, every polynomial set functor ¥ and, more generally,
every finitary set functor preserves reflexive coequalizers [6, Cor. 6.30].

Theorem 4.14 (Compositionality). Suppose that Assumptions 4.2 hold, and let o be a
V-pointed higher-order GSOS law of X: C — C over B: C°° x C — C. Suppose that
the category C is regular, that T preserves reflexive coequalizers, and that B preserves
monomorphisms. Then the kernel pair of coit(«*) : uX — Z is a congruence.

(Note that a morphism (f, g) in C°° x C is monic iff g is monic in C and f is epic in C.)

Remark 4.15. We will show that the coequalizer ¢: u~ — Q of py, p» in C can be equipped
with a X-algebra structure a: 20 — Q such that g is a X-algebra morphism from uX to
(Q,a), that is, g = it(a). This immediately implies the theorem: since p, p; is the kernel
pair of ¢ in C and the forgetful functor from Alg(X) to C creates limits, in particular kernel
pairs, there exists a unique X-algebra structure e on E such that py, pr: (E,e) — (uX, () are
X-algebra homomorphisms (and this makes pi, ps the kernel pair of g in Alg(X)).

We make use of the following two lemmas, which are of independent interest, en route
to proving Theorem 4.14. First, we establish a crucial connection between (* and a* (for
general a: XA — A), showing that they can be unified by running the unique morphism
it(a): uX — A at the covariant and the contravariant positions of B correspondingly. This
critically relies on (di)naturality of the given law o.

Lemma 4.16. Let (A, a) be a X-algebra. Then the following diagram commutes:

*

HE : B(uZ, ux)
a"‘l lB(id,ita)
B(A, A) pled B(uS, A)

Example 4.17 (xCL, cf. Example 4.8). The two legs of the diagram send the term K € uX to
the function f € AH* given by f (1) = (K’)A((it(a))(1)), equivalently f(z) = (it(a))(K’(t))
since it(a) is a X-algebra morphism.
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Proor or LEMMaA 4.16. We strengthen the claim of the lemma a bit and show that the
outside of the following diagram commutes:

(id, *)

HE HE X B(pZ, pX)
<id,a">l lide(id,ita)
UE X B(A, A) idx B(ita,id) S % B(uE. A)

From this, the goal easily follows by applying the right projection snd. To prove commutativity
of the diagram, we consider the Z-algebra structure b on uX X B(uX, A) given by the following
composite:

(v-Xfst, ops,A)
_—

(X x B(ux, A)) UE X B(uZ, Z*(uZ + A))

idx B(id,2* (it a+id))

UE X B(uE, T (A + A)) LLEEV s B(uz, £*A) —FEYD s s B(uE, A).

We will show that the composite morphisms

> (id, «*) U X B(ux, ux) _idx B(id, ita) | uE X B(uZz, A) (4.8)
us {9 ah) o3 B(A, A) 9xB(taid) |5 B(us, A), 4.9)

are both Z-algebra morphisms from pX to (uX X B(uX, A), b); hence they are equal to it b
by initiality of uX.

The morphism (4.8) is a composition of Z-algebra morphisms: (id, ¢*) is so by definition,
and id x B(id, it a) is so by commutativity of the following diagram:

S(u X B(uZ, ux)) S(idxB(id,ita))

Z(UE X B(uZ, A))

l(tlfst, Ous.A)

(1-2fst, Oy, i) idx B(id, 2* (id+ita)) UE X B(uZ, T*(uT + A))

lide(id,Z*(itaHd))

UE X B(uZ, Z*(uX + uX)) uE X B(uZ,Z*(A + A))

ide(id,Z*V)l lide(id,Z*V)
S X B(uE, S* (X)) oxBlia. 27 (a)) 4E X B(uE, =*A)
ide(id,Z)l lide(id,d)

HE X B(UE, uE) AR HE X B(LE, A)

idxB(id,=* (it a+ita))

The three upper cells commute by naturality of o and by functoriality of B in the second
argument; the bottom cell commutes because it(a): uX — A is a X-algebra morphism.
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That the morphism (4.9) is a X-algebra morphism is shown from the following diagram:

X (uX) M S(uZ x B(A, A)) Y (idxB(ita, id))
(L»Zfst,Z(itaxid))l
UEXX(A X B(A, A))
ideA,Al
: UE X B(A,S*(A + A)) —~E001D,

ide(id,Z*V)l

Z(puZ X B(uZ, A))
l(t-Zfst, Ous.A)
UZ X B(uZ,Z*(uZ + A))
lide(id,Z*(itaHd))
uE X B(uZ,Z*(A + A))

lide(id,Z*V)

UE X B(A,3*A) — PBUCD 5 B(uS, £ A)
ide(id,&)l lide(id,d)
px 9 s B(A, A) oxBta, ) 4E X B(uZ, A)

The left cell commutes by definition of a*. The two lower right cells commute by functoriality
of B, and the right upper cell commutes by an instance of dinaturality for o:

Ouz,A

Z(uE X B(uZ, A)) —>

E(ide(itaV

(U X B(A, A))

Z(itam

B(pZ, Z* (uZ + A))

wj,z*(itaﬂd))

B(uZ,=*(A + A))

Aa,id)

(A X B(A,A)) —225 B(A,T*(A + A)) 4
Using the universal property of the pullback (4.7), we obtain a morphism d: uX — E such
that py -d = id and p; - d = id. (This only needs the definition of the pullback, not the previous
lemma.) It follows that p¥, p5: Z*E = uX is a reflexive pair in C with common section
nE - d, where 7 is the unit of the monad X* and p7 is the free extension of p;: E — uX. By
our assumptions, the coequalizer of p} and p} is preserved by the functor X. Hence, there
exists a X-algebra structure ¢.: X(uX_) — pX_, obtained using the universal property of
the coequalizer Z(it(¢.)) from the diagram

*

Z(iter

SSAE ———— v (uy) —) | sy )
Z *

El e l L (4.10)
Pf itee M

SE ——————3 u¥ ux .
2

Here (g denotes the Z-algebra structure of the free algebra £* E, and we already denote the
coequalizer of p} and p} by it(c.), as commutation of the right-hand side identifies it as the
unique X-algebra morphism induced by ¢...

Lemma 4.18. Under the conditions of Theorem 4.14, there exists a coalgebra structure
g: uX_ — B(uZ_, uX_) making the triangle below commute, where 1* = (1.)*:

iy 'uj \th
HEL ——————— B(uX_,u¥)
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Proor. By definition of it(c.) as a coequalizer of p} and p7, it suffices to show that *
also coequalizes p} and p}, which we strengthen to (itc., «*) - pT = (ite., %) - p}. Since
(itee, *)- py and (ite., *) - p% are X-algebra morphisms, see diagram (4.5), whose domain is
the free X-algebra T*E, it suffices to show that the desired equation holds when precomposed
with pg: E — X*E. Thus, it remains to show that (itc., (*) - p; = (ite-, «*) - po, which, in
turn, reduces to (* - p; = * - po. We have

dopi=2p
& B(ite,id) - * - py = B(ite,id) - * - py B(it..,id) is mono
& B(id,ite.) - * - p; = B(id, ite.) - * - po. Lemma 4.16

Let us denote the coequalizer of py, pp by ¢: uX — Q. Since it(¢.) coequalizes p; and p»,
it factorizes through g. It thus suffices to show that

B(id,q) - * - p1 = B(id, q) - * - p.

By regularity of the base category C, the unique morphism m: Q — Z such that coit(:*) =
m - q is monic. Since B(id, -) preserves monomorphisms, it suffices to show that

B(id, coit*) - ¢* - p; = B(id, coit*) - «* - ps.

Note that B(id, coit¢*) - ¢* = £ - coit* since coit(:*) is a coalgebra morphism from (uX, *)
to (Z, ). Hence the above equation follows from coit(* - p; = coitc* - py, which holds
by (4.7). O

These preparations in hand, we can proceed with the proof of the main result.

ProoF oF THEOREM 4.14. Using the coalgebra ¢: uX_. — B(uX_,uX.) from
Lemma 4.18 together with Lemma 4.16, the upper rectangular cell of the following di-
agram commutes:

pE - B(uZ, ux)

it LNl \i lB(id,it ©)

coit ¢ uE. —— B(uZ_, u=.) _Blted) | B(uX, uX.) B(d,cot#)  (4.11)

ml | Bm)

Z B(u=,2)

By finality of (Z, (), we also have a morphism m such that the lower rectangular cell
commutes. Therefore, coit(¢*) = m - it by uniqueness of coit(¢*). From this we derive the
desired result as follows. First, we obtain a X*-algebra structure e: X*E — E such that
p1-e=p} and ps - e = p} by the universal property of E as the pullback (4.7), using that

coit(*) - p¥ =m - (itee) - pT =m - (itee) - p5 = coit(:*) - p>

by (4.10). This entails that the pair py, p> has the same coequalizer as p7, p}, i.e. it(c.).
Indeed, it(¢~) coequalizes p; = pY - g and py = p} - ne by definition, and every morphism
that coequalizes p; and p; must coequalize p; - e = p} and p; - e = pJ, and hence factor
uniquely through it(¢.). Since it(¢.) is the coequalizer of p, p; in C, and moreover it(¢.) is a
Y-algebra morphism by (4.10), we can use Remark 4.15 to conclude the proof. O
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Example 4.19. The xCL calculus (Section 3.1) satisfies the assumptions of Theorem 4.14:
Set is a regular category, every polynomial functor X preserves reflexive coequalizers (see
Remark 4.13), and the behaviour functor B(X,Y) = Y + YX maps surjections to injections
in the contravariant argument and preserves injections in the covariant one. Consequently,
compositionality of XCL (Proposition 3.3) is an instance of Theorem 4.14. More generally,
the compositionality of HO specifications (Proposition 3.6) follows from Theorem 4.14.

Example 4.20. The nondeterministic XCL calculus (Section 3.3) is handled analogously;
just observe that the finite power set functor &, preserves both surjections and injections.
Thus, compositionality (Proposition 3.10) again follows from Theorem 4.14.

4.3 Higher-order bialgebras
We conclude this section with a bialgebraic perspective on higher-order GSOS laws. First, we
isolate the underlying higher-order notion of coalgebra:

Definition 4.21 (Higher-Order Coalgebra). A higher-order coalgebra for a mixed variance
bifunctor B: C°°xC — Cisapair (C, ¢) of anobject C € Candamorphismc: C — B(C,C).
A morphism from (C, ¢) to a higher-order coalgebra (C’, ¢’) is a morphism 2: C — C’ of C
such that the following diagram commutes:

C < B(C,C)

hl lB(id,h)

c - pc,cy 28, e, o)

Proposition 4.22. Higher-order coalgebras for B and their morphisms form a category.

Proor. Clearly id¢ is a morphism from (C, ¢) to (C, ¢). Moreover, the composite % - g of
two morphisms g: (C,c) — (C’,¢’")and h: (C’,c¢") — (C”, ") of higher-order coalgebras
is again a morphism of higher-order coalgebras by the commutative diagram below:

C - B(C,0)
gl lB(id,g)
c’ < B(c’, ¢’y =2, i,

hl B(id,h)l lB(id,h)

71 i g,id
c’ - B(C”,C") B(h.id) B(C',C") B(g.id) B(C,C") o

A higher-order bialgebra for a higher-order GSOS law o combines an algebra structure
with a higher-order coalgebra structure compatible with o:

Definition 4.23 (Higher-Order Bialgebra). Given a V-pointed higher-order GSOS law g, a
o-bialgebra is a triple (A, a, c) such that (A, a) is a Z-algebra and (A, ¢) is a higher-order
B-coalgebra making the following diagram commute:
YA = A < B(A, A)
Z(id,c)l TB(id,d)
OA.A B(id,z*V)
»(AXx B(A,A)) —— B(A,X*(A+A)) —————— B(A,X*A)
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A morphism from (A, a, c) to a p-bialgebra (A’, a’, ¢’) is a morphism i: A — A’ of C that
is both a morphism of X-algebras and of higher-order B-coalgebras.

An initial (final) o-bialgebra is simply an initial (final) object of the category of o-bialgebras
and their morphisms. Similar to the first-order case, the initial p-bialgebra extends the initial
X-algebra:

Proposition 4.24. The triple (uZ, , (*) is the initial o-bialgebra.

Proor. It follows directly by definition of «* in (4.3), and by observing that it(¢) = id, that
(uZ, 1, *) is a p-bialgebra. To prove initiality, suppose that (A, a, ¢) is a o-bialgebra. We
show that it/a): uX — A is the unique o-bialgebra morphism from (uZ, ¢, *) to (4, a, ¢).
To show that it(a) is a o-bialgebra morphism, we need to verify that the diagram

Y

> : B(uZ, u%)

a‘
ital \ lB(id,ita)

A—< B A) 20D | Bz A)

commutes. The quadrangular cell commutes by Lemma 4.16, and we are left to show that
¢ - (ita) = a*. This follows from the fact that ¢ - (it a) satisfies the characteristic property of
a* given by (4.3). Indeed, the diagram

2 (ux) - >
E(ila)l lita
Xita, c-ita) TA a4 A cita
Z(id,c)l lc

S(AXB(A,A) 2% pea,sr4) 29T pa sx (A +4) 2% pa, a)

commutes: the top cell commutes by definition of it(a), and the bottom one commutes by the
assumption that (A, a, ¢) is a p-bialgebra.

Uniqueness of the bialgebra morphism it(a) : uX — A is by initiality of uX as a X-algebra,
since every bialgebra morphism is, by definition, in particular a X-algebra morphism. O

In first-order abstract GSOS, a final bialgebra for a GSOS law can be derived from the final
coalgebra vB. In the higher-order setting, the intended semantic domain for a higher-order
GSOS law p is vB(uX, —), the final coalgebra for the endofunctor B(uX, —). However, this
object generally does not extend to a final p-bialgebra. In fact, a final p-bialgebra usually
fails to exist, even for simple ‘deterministic’ behaviour bifunctors:

Example 4.25. Consider the bifunctor B(X,Y) = 2X: Set®® x Set — Set, the empty
signature £ = (, and the unique (0-pointed) higher-order GSOS law o of X over B. A
o-bialgebra is just a map z: Z — 2%, and a morphism from a o-bialgebra (W, w) to (Z, z) is
amap h: W — Z making the diagram

w w W
hl H (4.12)
7z —250z 2, oW

commute. We claim that no final p-bialgebra exists, despite the endofunctor B(uX, —) =
24 = 1 having a final coalgebra. Suppose for a contradiction that (Z, z) is a final o-bialgebra.
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p—op
- app2 )
rqg—pq (Ax.p) g — plq/x]

appl

Fig. 2. Small-step operational semantics of the call-by-name A-calculus.

Choose an arbitrary p-bialgebra (W, w) such that [W| > |Z| and w: W — 2% is injective.
Then no map 2: W — Z makes (4.12) commute, since w is injective but # is not.

On the positive side, we have an algebra structure ¢.: 2(uX_) — pX_ by Theorem 4.14
and a coalgebra structure ¢: uX_ — B(uX_, uX_) by Lemma 4.18, and these combine to a
o-bialgebra:

Proposition 4.26. In the setting of Theorem 4.14, the triple (uX_, 1., §) is a o-bialgebra.

Proor. The outside of the diagram

2(uZ) - >
(it L)l litu
it e, ¢*) (ux.) —~ Uz I
¥(id, g)l lc

S(UE. X BUE_ uE)) 2225 (U *(uE_ + pz.) 2N puz ux)

commutes by definition of ¢*. The side cells commute by Lemma 4.18, and the top middle cell
commutes by definition of it(:.). Note that X(it¢.) is a coequalizer, since it(c.) is a reflexive
coequalizer and X preserves it. Hence Z(it¢.) is epic, and therefore the bottom middle cell
commutes, which is the p-bialgebra law in question. O

The p-bialgebra (uX _, ¢, ¢) can thus be regarded as a suitable candidate for a denotational
domain in the higher-order setting, despite not being characterized by a universal property.

In conclusion, the above results firmly indicate that bialgebras remain a meaningful concept
in higher-order abstract GSOS, and a potentially useful tool for deriving congruence results.
For instance, in Urbat et al. [58] we have established a general congruence result with respect
to weak (bi)similarity on operational models of higher-order GSOS laws, where the notion of
lax higher-order bialgebra figures prominently. Additionally, recent work [24] reveals that it is
possible to construct a denotational p-bialgebra in a manner that parallels the first-order case.

5 The A-calculus

We now depart from combinatory calculus and move to languages with variable binding,
starting with the all-important (untyped) A-calculus. The A-calculus comes in various flavours,
such as call-by-name or call-by-value, and the respective operational semantics can be
formulated in either big-step or small-step style. For the purposes of our work, we are going
to give a categorical treatment of the small-step call-by-name and the small-step call-by-
value A-calculus. We start with the former, whose operational semantics is presented in
Figure 2. Here, p, p’, g range over possibly open A-terms and [¢g/x] denotes capture-avoiding
substitution of the term ¢ for the variable x.

The operational semantics of the call-by-name A-calculus induces a deterministic transition
relation — on the set of (possibly open) A-terms modulo @-equivalence. Note that every
A-term ¢ either reduces (t — t’ for some t’) or is in weak head normal form, that is, ¢ is a



Higher-order bialgebraic semantics 29

A-abstraction Ax.t’ or of the form x s s, - - - sy for a variable x and terms s, ..., s; (k > 0).
In particular, a closed term either reduces or is a A-abstraction. As usual, we let application
associate to the left: t{ tot3 -+ - t, means (- -- ((t1£2) 13) - -+ ) t,.

On the side of program equivalences, A-calculus semantics can be roughly divided into
three kinds: applicative bisimilarity [3], normal form bisimilarity [36] and environmental
bisimilarity [S1]. We are looking to give a coalgebraic account of strong versions of applicative
bisimilarity, see Definition 5.15 and Proposition 5.16.

5.1 The presheaf approach to higher-order languages

Fiore et al. [17] propose the presheaf category Set™ as a setting for algebraic signatures with
variable binding, such as the A-calculus and the m-calculus. We review some of the core ideas
from their work as well as follow-up work by Fiore and Turi [19].

Let F be the category of finite cardinals, a skeleton of the category of finite sets. The
objects of IF are the sets n = {0, ...,n — 1} (n € N), and morphisms n — m are functions.
The category F has a canonical coproduct structure

old,, new,,
n—n+l1

1 (5.1

where old, (i) = i and new,(0) = n. Notice the appropriate naming of the coproduct
injections: The idea is that each object n € F is an untyped context of n free variables, while
morphisms n — m are variable renamings. When extending a context along old, (i) = i,
we understand the pre-existing elements of n as the “old” variables, and the added element
new, (0) as the “new” variable. The coproduct structure of F gives rise to three fundamental
operations on contexts, namely exchanging, weakening and contraction:

s = [newy,old;]: 2 — 2,

w =oldy: 0 — 1, (5.2)

c= [id],idl]t 2—>1.
We think of a presheaf X € Set™ as a collection of terms: elements of X (n) are “X-terms”
with free variables from the set n = {0,...,n — 1}, and for each r: n — m the map

X(r): X(n) — X(m) sends a term ¢t € X(n) to the term X(r)(t) € X(m) obtained by
renaming the free variables of ¢ according to r.

Example 5.1. (1) The simplest example is the presheaf V € Set® of variables, defined by
V(n)=n and V(r)=r.

Thus, a V-term at stage n is simply a choice of a variable i € n.

(2) For every algebraic signature X, the presheaf X* € Set” of -terms is given by the
domain restriction of the free monad on X to F. Thus *(n) is the set of X-terms in variables
from n.

(3) The presheaf A € Set™ of A-terms is given by

A(n) = A-terms modulo a-equivalence with free variables from n,

A(r)(t) =t[r(0)/0,...,r(n—=1)/n—1] forr: n — m,

where t[—/—] denotes simultaneous substitution in the term ¢.
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The process of substituting terms for variables can be treated at the abstract level of
presheaves as follows. For every presheaf Y € Set”, there is a functor

—eY: Setf — Set”

given by

neF
(X o ¥)(m) = / Xy x 0y = (| | Xy x xm)") /= (53)
where ~ is the equivalence relation generated by all pairs

(X,yO,---’)’n—l) ~ (x,7)’6,~~,y;<_1)

such that (x, yo, ..., yn-1) € X(n) XY (m)", (X", 0, ..., y;_;) € X(k) X Y (m)* and there
exists r: n — k satisfying x’ = X(r)(x) and y; = y;(i) fori =0,...,n— 1. An equivalence
class in (X e Y)(m) can be thought of as a term x € X(n) with n free variables, together
with n terms yo, ..., y,—1 € Y(m) to be substituted for them. The above equivalence relation
then says that the choice of a term x € X(n) and a tuple yy, ..., y,—1 € Y(m)" should be
compatible with renamings: for instance, if X =Y = A and s € A(1) € A(2), then for all
t,u € A(0), the renaming r: 1 — 2 with »(0) = 1 witnesses that (s s,7) = (s 5, u,t).
Varying Y, one obtains the substitution tensor

-e-: Set” x Set® — Set",

which makes Set™ into a (non-symmetric) closed monoidal category with unit V, the presheaf
of variables. Monoids in (Set™, e, V) can be seen as collections of terms equipped with a
substitution structure. Closure of (Set™, e, V) is witnessed by the fact that for every ¥ € Set”
the functor — e ¥ : Set” — Set” has a right adjoint' given by

(v,-): Set” — Set", (Y, Wh(n) = / [(Y(m))",W(m)] = Nat(Y", W).

meF

An element of (Y, W) (n), viz. a natural family of maps Y (m)" — W(m) (m € F), is thought
of as describing the substitution of Y-terms in m variables for the n variables of some fixed
ambient term, resulting in a W-term in m variables.

5.2 Syntax

Variable binding is captured by the context extension endofunctor
§5: Set™ — Set”
defined on objects by
6X(n)=Xn+1) and 6X(h) =X(h+id))
and on morphisms 4: X — Y by

(6h)n = (X(n+ 1) =25 Y(n + 1)).

IFiore et al. [17] denote the right adjoint by (Y, —); we employ the double bracket notation (Y, —) instead for
distinction with morphisms into products.
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Informally, the elements of X (n) are terms arising by binding the last variable in an X-term
with n + 1 free variables. The operations s, w, C on contexts, see (5.2), give rise to natural
transformations

swap: 6% — 62, up:ld—> ¢ and  contract: 6> — 6

in Set”, which correspond respectively to the actions of swapping the two “newest” variables
in a term, weakening and contraction. Their components are defined by

X (id; +s)

swapy, = (X(n+2) X(n+2)),

XO X (n+ 1)), (5.4)

X(id,, +c)
_—

upX,n = (X(}’l)

contractx , = (X(n +2) X(n+1)).

The presheaf V of variables (Example 5.1(1)) and the endofunctor ¢ are the two main
constructs that enable the categorical modeling of syntax with variable binding. For example,
the binding signature of the A-calculus corresponds to the endofunctor

>: Set” — SetF, SX=V+6X+XxX. (5.5)

This is analogous to algebraic signatures determining (polynomial) endofunctors on Set.
For X as in (5.5), the forgetful functor Alg(X) — Set™ has a left adjoint that takes a presheaf
X € Setf to the free X-algebra Z*X. In particular, the initial algebra uX is given by the
presheaf A of A-terms; more precisely:

Proposition 5.2. The initial algebra for X is given by
V4 6A+Ax A Lad().8l, A

where var: V. — A is the inclusion of variables, 1.(—) sends t € §A(n) = A(n+ 1) to
An + 1.t, and app sends (t,s) € A(n) X A(n) to ts.
The substitution tensor e gives rise to the expected substitution structure on A-terms:

Proposition 5.3. The presheaf A = uX of A-terms admits the structure of a monoid (A, u,n)
in (Set™, o, V) whose unit n: V. — A is the inclusion of variables and whose multiplication
u: A e A— Ais the uncurried natural transformation i: A — (A, A)) given by

s A(n) — (A, A)(n) = Nat(A", A), t— il € A(m)". t[id].

Here, t[ii] denotes the simultaneous substitution t[ug/0, ..., u,_1/n—1].

5.3 Behaviour

To capture the A-calculus in the abstract categorical setting of higher-order GSOS laws
developed in Section 4, we consider the behaviour bifunctor

B: (Set™)% x Set™ — Set", B(X,Y) = (X, Y) x (Y +YX + 1), (5.6)
where YX denotes the exponential object in the topos Set”.

Remark 5.4. Exponentials in presheaf categories have a simple explicit description [38,
Sec. 1.6]. The exponential YX in Set™ and its evaluation morphism ev: YX x X — Y are,
respectively, given by

YX(n) =Nat((-)"x X,Y) and  ev,(f,x) = fu(id,,x) € Y(n)
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for every natural transformation f: (-)" X X — Y and x € X(n). In the following we put
f(x) = ev,(f,x).
Our intended operational model of the A-calculus is a B(A, —)-coalgebra
(1,720 A = (A A) X (A+ A +1) (5.7

on the presheaf of A-terms. For each term ¢ € A(n), the natural transformation y; (¢t): A" — A
exposes the simultaneous substitution structure, that is, y; (¢) is equal to f(¢) from Propo-
sition 5.3. Similarly, 5 (¢) is an element of the coproduct A(n) + A*(n) + 1, representing
either a reduction step, a A-abstraction seen as a function on terms, or that ¢ is stuck. To apply
the higher-order abstract GSOS framework, let us first note that one of its key assumptions
holds:

Lemma 5.5. For every X € Set” the functor B(X, =) has a final coalgebra.

Proor. The functor B(X, —) preserves limits of w°P-chains: the right adjoints { X, —) and
(—)X preserve all limits, and limits of w°-chains commute with products and coproducts
in Set and thus in Set” (using that limits and colimits in presheaf categories are formed
pointwise). Therefore, dually to the classic result by Adamek [5], the functor B(X, —) has a
final coalgebra computed as the limit of the final w°P-chain

1 « B(X,1) « B(X,B(X, 1)) « B(X,B(X,B(X, 1)) « --- o

Since B(X, —) preserves pullbacks, and hence weakly preserves pullbacks, behavioural
equivalence (4.7) on B(X, —)-coalgebras coincides with coalgebraic bisimilarity (see [47]).
Recall that a bisimulation between B(X, —)-coalgebras W — B(X,W) and Z — B(X, Z)
is a relation between W and Z, i.e. a sub-presheaf R € W x Z, that can be equipped with a
coalgebra structure r: R — B(X, R) such that the projections p;: R - Wand py: R —» Z
are B(X, —)-coalgebra morphisms.

w P R P2 7
wl i lz
B(X, W) <220 px gy —BXP) | pix 7

The next proposition gives an elementary characterization of bisimulations.

Proposition 5.6. Given X € Set™ and two B(X, -)-coalgebras
(cr,e2): W — (X, W) x (W+WX+1) and (d\,d2): Z — (X,Z)x(Z+Z* +1),

a family of relations R(n) € W(n) X Z(n), n € F, is a bisimulation if and only if for alln € F
and (w, z) € R(n) the following conditions hold (omitting subscripts of components of the
natural transformations c;, d;):

1) (W(r)(w),Z(r)(2)) € R(m) forallr: n — m;

2) (c1(w)(it), d1(z)(i4)) € R(m) forallm € Fand u € X(m)";

() c2(w) =w" e W(n) = dy(z) =2 € Z(n) A (W', 2') € R(n);

4) c2(w) = f e WX(n) = da(z) = g € ZX(n) AVe € X(n). (f(e), g(e)) € R(n);
(5) c2(w) =+ = da(2) =%

6) da(z) =7/ € Z(n) = cr(w) =w e Wn) A (w,2") € R(n);
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(7) da(z) = g € ZX(n) = ca(w) = f € WX(n) AVe € X(n). (f(e), g(e)) € R(n);

8) dr(z) =% = cr(w) = =

Before proving the proposition, let us elaborate on the conditions (1)—(8). Condition (1)
states that B(X, —)-bisimulations are compatible with the renaming of free variables: given
a renaming r: n — m, the renamed terms W(r)(w) and Z(r)(z) are related by R(m).
Similarly, condition (2) states that B(X, —)-bisimulations are compatible with substitutions:
given a substitution # € X (m)", the resulting terms c;(w) (&) and d;(z) (i) are related by
R(m). Conditions (6)—(8) are symmetric to (3)—(5); in fact, since B(X, —)-coalgebras are
deterministic transition systems, conditions (6)—(8) are implied by (3)—(5) and hence could
be dropped. We opted to state (6)—(8) explicitly, as these conditions become relevant in
nondeterministic extensions of the A-calculus.

Proor or ProprosiTion 5.6. For the = direction, suppose that R is a bisimulation, i.e.
there exists a coalgebra structure (r, r;) on R making the diagram below commute, where
P1, p2 are the projections:

W DP1 R p2 Z

(c1,¢2) (ri,r2) (di,d2)

(X, p)x(pr+p+1) (X, p2) X (p2+p+1)
(X, WHx W+ WX +1) «—— (X,R)X (R+R¥+1) —————— (X, Z)x (Z+Z¥ +1)

Then (1) holds because R is a sub-presheaf of W x Z, and (2), (3) and (5) are immediate from
the above diagram. Concerning (4), let w R(n) z and suppose that c;(w) = f € WX(n). Then
the above diagram implies that 5 (w, z) = h € RX(n) and d,(z) = g € ZX(n). Moreover, for
all e € X(n), using infix notation for the binary relation R(n), we have that

f(e) =ev(f.e) = pi(ev(h,e)) R(n) pa(ev(h,e)) =ev(g,e) = g(e)

where the second and the penultimate equality follow via naturality of ev.

For the &= direction, suppose that R(n) C W(n) X Z(n), n € F, is a family of relations
satisfying (1)—(8) for all w R(n) z. Condition (1) asserts that R is a sub-presheaf of W X Z; thus
it remains to define a coalgebra structure (r, r2) on R making the diagram above commute.
It suffices to define the components

(rinsran): R(n) — (X, R)(n) x (R(n) + RX(n) + 1)

and prove that the diagram commutes pointwise at every n € F; the naturality of ry, r» then
follows since the two lower horizontal maps in the diagram are jointly monomorphic. Indeed,
this is easy to see using the following diagram, where f: n — m is a morphism of F and we
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abbreviate F = B(X,—),r = {r1,r2) and ¢ = {c1,¢2):

Cn

W(n) FW(n)

;k A,n
R(n) —2— FR(n)

wf R(f)l lFR(f) FW(f)

R(m) —2> FR(m)

P‘V Q, m

W (m) FW(m)

Since its outside and the upper, lower, right and left-hand parts commute due to the naturality
of ¢ and p; so does the desired inner square when postcomposed by Fpi . A similar
diagram using (Z,d = (di,d,)) and p» in lieu of (W,c) and p; shows that the desired
square commutes when postcomposed by Fp ,,,. So since Fp1 m, Fp2, m is jointly monic,
the desired square commutes.

We define

rin: R(f’l) - «X,R»(f’l) = Nat(Xn’R) by rl,n(W’ Z) = <cl,n(w)’d1,n(2)>'

Condition (2) shows that this map is well-typed and that it makes the first component of the
diagram commute.

To define 7 ,, using extensivity of the presheaf topos Set™ we express R as a coproduct
R = Ry + R; + R, of the sub-presheaves given by

Ro(n) = {(w,2) € R(n) : c2(w) € W(n), d2(2) € Z(n) },
Ri(n) = {(w,2) € R(n) : c2(w) € WX(n), da(2) € Z¥(n) },
Ry(n) = {(w,2) € R(n) : ca(w) = %, da(z) = % }.

Thus, it suffices to define 72 ,,: Ro(n) + Ri(n) + R2(n) — R(n) + RX(n) + 1 separately for
each summand of its domain. Given (w, z) € Ry(n), we put

r2an(w,2) = (c2(w), d2(2)) € R(n).

By condition (3), this is well-typed and makes the second component of the diagram (with
domain R restricted to Ry) commute. Similarly, for (w, z) € Ry(n) we put

ron(w,z) =%

the second component of the diagram (with domain R restricted to R,) then commutes by
condition (5). Finally, for (w, z) € R{(n) we put

ran(w,z) = curry h(w,z) € RX(n)
where i: Ry X X — R is the natural transformation whose component at m € F is given by
hm((W',2),€) = (c2(w')(e), d2(z")(€)) € R(m).

Condition (4) asserts that &, is well-typed and that the second component of the diagram
(with domain R restricted to Rj) commutes. O
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5.4 Semantics

As explained above, in our intended operational model (y;,y2): A — B(A, A) for the A-
calculus, the component y; should be the transpose of the monoid multiplication i : AeA — A
from Proposition 5.3 under the adjunction - A 4 {A, -). As an interesting technical subtlety,
for this model to be induced by a higher-order GSOS law o = (ox.y) of some sort, the
argument X is required to be equipped with a point var: V — X. The importance of points
for defining substitution was first identified by [17] (see also [16]) and is worth recalling from
its original source.

Fiore et al. argued that, given an endofunctor F: Set” — Set®, in order to define a
substitution structure F*V ¢ F*V — F*V on the free F-algebra over V, it is necessary for F
to be tensorially strong, in that there is a natural transformation sty y: FX eY — F(X eY)
satisfying the expected coherence laws [17, §3]. For the special case of F being the context
extension endofunctor 9, this requires the presheaf Y to be equipped with a pointvar: V. — Y:
the strength map stxy: 6X Y — §(X eY) is given at m € F by

[teX(n+1),ie€Y(m" N CAN [£, (UPy , (if), Va1 (NEW,,)) € Y (m + 1)"1];
where [—] are equivalence classes of the equivalence relation ~ appearing in the definition
(5.3) of e. Intuitively, given a substitution of length n on a term with n + 1 free variables, a
fresh variable in Y should be used to (sensibly) produce a substitution of length n + 1. This
situation is relevant in the context of higher-order GSOS laws of binding signatures over
B(X,Y) where, e.g. in the case of the A-calculus, one is asked to define a map of the form
(factoring out the unnecessary parts)

01: 6(X,Y) — (X, oY). (5.8)
Writing st for the transpose of st under - #X - (X, -)), we obtain o as the composite

stix.vy.x

RESICIR

o(X,Y) (X, 6((X,Y) o X)) (X, oY),

where ¢: (X,Y) ¢ X — Y is the evaluation morphism for the hom-object {X,Y}). In
elementary terms, the map o; takes a natural transformation f: X"*! — Y to the natural
transformation o (f): X" — Y given by

e X(m" =  fur1(Upy,, (i), var, 1 (new,,)) € Y(m + 1). (5.9)

Thus o represents capture-avoiding simultaneous substitution in which the freshest variable
is bound, hence it should not be substituted.

At the same time, a higher-order GSOS law for the A-calculus needs to turn a A-abstraction
into a function on potentially open terms precisely by only substituting the bound variable.
This implies that we need a natural transformation of the form

02: 6(X,Y) — ¥X, (5.10)
Again, we make use of the point var: V — X to produce p3:

{var,YX)

5(X.Y) —— (X.¥¥) (v.r¥) —— rX.

Here, the first isomorphism is given at n € F by

§(X,Y)(n) = Nat(X"*! v) = Nat(X",Y¥) = (X,YX)(n).



36 Sergey Goncharov, Stefan Milius, Lutz Schroder, Stelios Tsampas, and Henning Urbat

Thus, in elementary terms, the adjoint transpose o5 of o, acts as follows:
02(f) = e € X(n). fy(var,(0),...,var,(n—1),e) for f: X" Y.

With these preparations at hand, we are now ready to define the small-step operational
semantics of the call-by-name A-calculus in terms of a V-pointed higher-order GSOS law
of the syntax endofunctor XX = V 4+ §X + X X X over the behaviour bifunctor B(X,Y) =
(X,Y) x (Y + YX + 1). A law of this type is given by a family of presheaf maps

V+S(XX (X, Y)x Y +YX+ 1) + (X x (X, Y) x (Y +YX +1))?

lQX,Y

(X.ZXX+Y)) X (XX +Y) + (XX +Y)X + 1)
dinatural in (X, varx) € V/Set" and natural in Y € Set™. We let oxy_, denote the component
of pox y at n € F. For the definition of p we set up some notation:
Notation 5.7. We write

A.(=): 0ZF - T and app: T*xT*F —» ¥
for the natural transformations whose components come from the X-algebra structure on free
X-algebras; here app denotes application. In the following we will consider free algebras
of the form =*(X + Y). For simplicity, we usually keep inclusion maps implicit: Given
11,12 € X(n) and t] € Y(n) we write t, 1, for app([n - inl(z1)], [ - inl(z2)]), and similarly

t1 ¢} for app([n - inl(t1)], [ - inr(#])]) etc., where inl and inr are the coproduct injections and
n: Id — X* is the unit of the free monad *.

Notation 5.8. Let
Vo (X, Z(X +Y))

be the adjoint transpose of
VeX 2, x N, x4y 1, 5*(X +7).

Thus, for v € V(n) = n, the natural transformation (v)(n): X" — Z*(X +7Y) is the v-th
projection X" — X followed by 7 - inl. Further, recall that j: V/Set” — Set™ denotes the
forgetful functor.

Definition 5.9 (V-pointed higher-order GSOS law for the call-by-name A-calculus).
oxy: Z(JX X B(jX.Y)) > B(jX.,2*(jX +Y))
is given by
Oxy.n(tr) = case tr of
v eV(n)
(1. f,0)
(t1,8,17) (12, h, )

m(v), *

(X, 4.(=) - -inr) (1 (). (n - Inn)* (02(f))
Am, i € X(m)". (gm (i) hm (i), 1} 12
(t1,8,k) (12, h, ) Am, i € X (m)". (gm () hyn (i), - 01 - k(12)
(t1,8,%) (12, h, ) Am, i € X(m)". (gm (i) h (1)), *

where t € 6X(n), f € 6(X,Y)(n), g.h € (X, Y)(n), k € YX(n), t1,to € X(n) and
11 €Y(n).

117111
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i = (var,(0),...,var,(n—1),e € X(n)) tlu] =+

var—— lam B
At —t
’ Lo,
= l‘1 Hh — tl tH -
appl ————— app2——————— app3——
thiy >t ity =1 It =~
W = (Upx, (i), var, 1 (new,,))  t[w] =1"
varSub———————— lamSub =
viu] = u(v) (A.t)[u] = A"

nlil =1, nli] =t

2
(1) lu] =111

appSub
Fig. 3. Law o in the form of inference rules.

Remark 5.10. We have omitted brackets around the pairs on the right. The last three clauses
refer to the application operator p ¢ = app(p, ¢) and could also be written as, e.g.,

app((11,8,11), (t2,h,)) +—  Am, i € X(m)".app(gn (i), hy(ii)), app(t], 12).

In Figure 3 the definition of " is rephrased in the style of inference rules. Here, [...]
corresponds to the first component of B(jX,Y), and —, L, - correspond to the slots in the
second component of B(jX,Y). For instance, the rule 1am expresses that for every € 6X(n),
f €6(X,Y) and e € X(n), putting u = (var,(0),...,var,(n —1),e) and ¢’ = f(i), the
second component of ox.y ., (A.(t, f, _)) lies in YX(n) and satisfies ox.y . (A.(z, f, ) (e) = 7.
This matches precisely the corresponding clause of Definition 5.9.

Remark 5.11. Instantiating Definition 4.7, the operational model of the higher-order GSOS
law o" is the B(A, —)-coalgebra

= (rLy)t Ao (AA) X (A+ AN+ 1), (5.11)
that is uniquely determined by the following commutative diagram:

id+6(id, y1,y2)+(id,y1,72)?
VAOA+ A ———————— 5 V4 S(AX(AAY X (A+ AN+ 1)) + (AX (A, A) X (A+ AP +1))?

[
(AZXA+ N)) X (ZA+A) + (E*(A+AN + 1)
t=[var,1.(-),app] l({id,z*V))X(Z*V+(Z*V)"+id)
(A Z*A) X (Z*A+ (Z*A)A + 1)

l({id,i))x(ui‘uid)

A 72 (AA) X (A+ AN +1)

The following two propositions assert that the coalgebra (1, y») coincides with the intended
operational model described in (5.7), that is, its first component exposes the substitution
structure of A-terms and its second component corresponds to the transition system — on
A-terms derived from the operational semantics in Figure 2.
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Proposition 5.12. For every m,n € F, t € A(n) and ii € A(m)", we have
yi(0) (i) = t[u].

Proor. We proceed by induction on the structure of ¢.
e Fort =v e V(n),
yi(v)(@) = 7 (v)(id) = uy = v[il;
the first equality follows from the definition of y; (Remark 5.11), the second one from the

definition of &, and the third one from the definition of substitution.
e Fort = Ax.t’ (wherex =nandt’ € A(n+ 1)),

Y1(0) (@) = Am.(y1 (") (UP, (), m)) = Am.('[Upy , (1), m]) = 1[id];

the first equality uses the definition of y; in terms of o1 (5.9), the second one follows by
induction and the third one by the definition of substitution for the case of A-abstraction.
e Fort =t 1,

Y1 () (@) = yi(t1) (@) y1(r2) () = t1[ud] 12 [u] = t[ud];

the first equality follows from the definition of y, the second one by induction, and the
third one by the definition of substitution. O

Proposition 5.13. For every n € F and t € A(n) the following statements hold:

(1) If y2(2) € An) thent — y»(1);

(2) If y2(1) € AM(n) then t = Ax.t’' for some t', and y,(t)(e) = t'[e/x] for every e € A(n);
(3) If y2(t) = = thent is stuck, i.e.t = xs) -+ sg forx € V(n), k > 0and sy, .. .,sr € A(n).
Remark 5.14. Note that partial converses of the above statements are implied:

(1) If ¢ reduces, then v, (t) € A(n).

(2) If t = Ax.t’, then v (1) € AM(n).

(3) If ¢ is stuck, then y,(t) = =

For instance, if ¢ reduces, then it can neither hold that y,(r) € A(n) or y»2(f) = * by
Proposition 5.13(2),(3), and therefore y,(¢) € A(n). Similarly for the other cases.

Proor. We proceed by induction on the structure of :

e Fort =v € V(n), we have y,(f) = = by the definition of y, (Remark 5.11); hence case (3)
applies, and 7 is stuck as claimed.

e Fort = Ax.t’, we have y,(t) € A*(n) using the definition of o". Then case (2) applies,
and for every e € A(n) we have

y2(t)(e) = 02(y1 (') (e) = y1(1)(0,....n—1,¢) =1'[e/x]

as claimed, where the first two equalities use the definition of y, and o, respectively, and
the third one follows from Proposition 5.12.
e For t = t1 tp, we distinguish three cases:
— Ift; =x € V(n), then y,(t) = * and ¢ = x 1. Hence case (3) applies, and ¢ is stuck as
claimed.
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- Ift; = Ax.t}, we have t — t" := t{[t2/x]. Then case (1) applies, and

Y2(1) = ya(t1)(t2) = t1[r2/x] =1

as claimed, where the first equality uses the definition of vy, and the second one follows
by induction.

— If t{ = t1,1 1,2, then either case (1) or (3) applies to #;. If case (1) applies to 7y, i.e.
v2(t1) € A(n), we know by induction that 1; — y,(¢1). By definition of — and vy, this
implies y;(¢) € A(n) and

t — ya(t) ta = ya(t),

proving (1) for ¢. If case (3) applies to t1, i.e. y2(t;) = *, we know by induction that
tp = xs1 --- Sk for some x € V(n) and s1,...,s; € A(n). Then also y,(¢) = = and
t=xs81 - Sgtp, proving (3) for z. |

Let ~* C A x A be the bisimilarity relation on the coalgebra (5.11). It turns out that ~*
matches the open extension of strong applicative bisimilarity, cf. [3].

Definition 5.15. Strong applicative bisimilarity is the greatest relation ~° C A(0) x A(0)
such that for #; ~ 1, the following conditions hold:

n—otp = 3An oAt~ (A1)
n=Axty = 3th.1p = Axas AVe € A0). t1[e/x] ~3 th[e/x]; (A2)
oty = 3.n oAt~ (A3)
=Axty, = 3r].1; = Ax.t] AVe € A0). 11[e/x] ~ t5[e/x]. (A4)

The open extension of strong applicative bisimilarity is the relation ~® C A X A where
~2c A(n) x A(n) for n > 0 is given by

t ~¥ iff i [i] ~ n2[d] forevery ii € A(0)".
Proposition 5.16. Coalgebraic bisimilarity coincides with the open extension of strong
applicative bisimilarity:
A _ ~AaP

Proor. By Propositions 5.6, 5.12 and 5.13, bisimilarity is the greatest relation ~* C A x A
such that for every n € F and t; ~2 t, the following conditions hold:
(1) t1[r(0),...,r(n=1)] ~A t2[r(0),...,r(n—=1)] forall r: n — m;
(2) t1[id] ~B ty[i] for all m € Fand ii € A(m)"™;
B) 11—t = b o> A~
(4) 1 = Ax.t] = 3th.p = Ax.t) AVe € A(n).t][e/x] ~A thle/x];
(5) IxeV(n),s1,....,5x € A(n).ty =xs1 -+ s, = Iy € V(n),s],....5,, € A(n).1
VS| S
(6) 1 >ty = 3.t > 1) N~ 15
(7) ta = Ax.t) = 3t|.ty = Ax.t] AVe € A(n).t][e/x] ~A thle/x];
8) Iy eV(n),si,....s;, € A(n).ta=ys| -+ s, = Ix € V(n),s1,...,50 € A(n). 1
X8 - Sk-
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Note that condition (1) is redundant, as it follows from (2) by putting ii = var,, - r.

Proof of ~ C ~*_ Note first that ~6‘ C A(0) x A(0) is a strong applicative bisimulation:
the above conditions (3), (4), (6), (7) for n = 0 correspond precisely to (A1)—(A4) with
~ replaced by ~(). It follows that ~{' C ~¢” because ~ is the greatest strong applicative
bisimulation. Moreover, for n > 0 and t; ~Q t», we have

ty[u] ~Q tr[u] forevery ii € A(0)"
by condition (2), whence

11 [i] ~y t2[id] for every ii € A(0)"

a

because ~6\ - ~;)p, and so ¢ ~% t;. This proves ~2 C ~ for n > 0 and thus ~* C ~ overall.

Proof of ~* C ~". Since ~" is the greatest bisimulation, it suffices to show that ~% is a
bisimulation. Thus suppose that # € F and ¢; ~& t,; we need to verify the above conditions
(2)—(8) with ~ﬁl‘ replaced by ~.'. Let us first consider the case n = 0:

(2) Since 1 and ¢, are closed terms, this condition simply states that #; ~f,f 1, forevery m > 0.
This holds by definition of ~,; because #1 [if] = t1 ~," 12 = t2[ii] for every i € A(0)™.
(3) holds by (Al).
(4) holds by (A2).
(5) holds vacuously because #; is a closed term.
(6) holds by (A3).
(7) holds by (A4).
(8) holds vacuously because ¢ is a closed term.
Now suppose that n > 0:
(2) Letii = (uo, . ..,un-1) € A(m)". If m = 0 we have 11 [if] ~ t2[ii] by definition of ~,.
If m > 0 and v € A(0)"™ we have
n[@[V] = t1{uo[V]. . . .o un 1 [V1] ~5 22uo[¥]. ... un—1 [V]] = t2[d] [¥],

whence 1, [ii] ~5 t,[id].
(3) Suppose that #; — t]. We only need to prove that 7, reduces, that is, r — ¢} for
some #5 € A(n). Then, for every ii € A(0)" we have t,[ii] ~ t,[ii] by definition of ~,
and #;[i] — t][i] and t,[u] — ¢, [i] because reductions respect substitution. Therefore
11 [i] ~y t,[i] by (A1), which proves 1] ~, t; by definition of ~,’.

To prove that ¢, reduces, suppose towards a contradiction that #, does not reduce. There

are two possible cases:

Case 1: t; is a A-abstraction.

Since the term #; reduces, it is neither a variable nor a A-abstraction. Therefore, for arbitrary
i € A(0)", the term £ [u] is not a A-abstraction, whereas the term #,[i] is a A-abstraction.
Thus #; [i] oagp t,[ii] and therefore #; 5 1, a contradiction.

Case2:t) =xsy -+ sy forsome x € V(n) and s1,...,s5; € A(n), k > 0.
Given A-terms s,f and m > 0, we write s —'" ¢ if s reduces to ¢ in exactly m steps; in
particular, s —° ¢ if s = t. We shall prove that there exists i € A(0)" such that

flu] -" f and ru] -™ for some m > 0 and 71,7, € A(0),
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where exactly one of the terms 7 and 7; is a A-abstraction. Then 7] oogp f> by (A1) and (A2),
whence 1 [if] oogp t2[ii] by m-fold application of (A1), and so t; ~& t5, a contradiction.
In order to construct i € A(0)" with the desired property, we consider several subcases:

Case 2.1: 1} —* 7, for some 7.

Case 2.1.1: 1] is a A-abstraction.
Choose i such that u, — u, (e.g. ux = (1y.yy) (Ay.yy)). Then 1, [ii] = t,[ii] and 1, [i]
is not a A-abstraction, while 7, [i#] — 7, [ii] and 7; [i] is a A-abstraction.

Case 2.1.2: 1y is an application 71 | I 5.
Choose i such that u, = Ax;.Ax;. ... Ax;.Ay.y. Then 1, [ii] —* Ay.y, while 1, [ii] —* 7[ii]
and 71 [i{] is not a A-abstraction.

Case 2.1.3: 1] = x.

Choose ii such that u, = Ax;.Ax;....Axg.r where ¢ is an arbitrary closed term that is not
a A-abstraction. Note that u,, is a A-abstraction: Since #; reduces, we have #; # x = 7; and thus
necessarily k > 0. Thus #,[ii]] —* #{[ii] = u, and u, is a A-abstraction, while #,[ii] —* ¢
and ¢ is not a A-abstraction.

Case 2.1.4: t; = y for some variable y # x.
Choose i such that u, = Ax1.Ax;. ... Axg.Ay.y and uy is not a A-abstraction. Then #, [i] —
Ay.y, while #; [i] —* 7{[ii] = uy and u, is not a A-abstraction.

k

Case 2.2: t; =™ 1 for some m < k such that 1 does not reduce. (Note that m # 0 because
Hh — l‘; )

Case 2.2.1: 11 is a A-abstraction.
Choose i such that u, — u,. Then t;[ii] —™ 11[i] and 71[i] is a A-abstraction, while
] SN t>[i] and 1, [u] is not a A-abstraction.

Case22.2:t1 =y s’l .. .sg for some variable y # x and terms sg, e, s;, [>0.
Choose ii such that uy — uy and uy = Axy.Axz.. .. Ax;.Ay.y. Thenr [ii] —™ 1, [ii] -l ay.y
while #,[ii] =™+ t,[i] and 1, [i] is not a A-abstraction.

Case 2.2.3: 1) = x5} -+ s for some [ > k —m and terms s7, ..., s].

Choose ii such that u, = Ax;.Ax;. - - - Ax.Ay.y. Then t;[i] —* Ay.y, while
nli@] >™ ] =" (Xt A A9.Y) Sh_ gy L] -+ 57 ]

and (Axg—ms1. - Axx.Ay.y) s;_, . [i] -~ s7[u] is not a A-abstraction.

Case2.2.4:1; = x5} --- s for some [ < k —m and terms 57, ..., s].

Choose i such that u, = Ax;.Ax;. ... Axg.t where ¢ is an arbitrary closed term that is not a
A-abstraction. Then

tp[u] —mH (AXpater. - AXp.t) Spaaat [U] - - - se[id]

and (X141 - AXk.1) Spare1[#] - -+ si[i] is not a A-abstraction (for [ = k — m, this is just
the term ¢), while

n[id] =™ f[d]xto! Axpa. - - - Axp.t
and Axpyq. - - - Axg.t is a A-abstraction since / < k. (Recall that m # 0.)

(6) holds by symmetry to (3).



42 Sergey Goncharov, Stefan Milius, Lutz Schroder, Stelios Tsampas, and Henning Urbat

(4) Suppose that #; = Ax.t{. Then t; does not reduce (otherwise #; reduces by (6), a
contradiction). Moreover, f, cannot be of the form ys) ---s; where y is variable and
s7,...,s; are terms. In fact, suppose the contrary, and choose # € A(0)" such that u, is
not a A-abstraction. Then #; [u] oogp tr[i] since #[i] is a A-abstraction and £,[u] is not,
contradicting #; ~* t,.

Thus t, = Ax.t), for x = nand t;, € A(n + 1). Moreover, for every e € A(n) and i € A(0)"
we have

tile/x]lul = £ [, e[u]] = r; [, x] [e[i] /x]
~o toli, x][elid] /x] = 1y, e[id]] = 15[ e/x][i]
using (A2) and that #;[if] ~" #2[ii] by definition of ~;. This proves 7] [e/x] ~;" 15[e/x].
(7) holds by symmetry to (4).
(5) Suppose that 11 = x s1 - -+ s¢. Then ¢, does not reduce by (6) and is not a A-abstraction

’

by (7), so it must be of the form 7, = y s} -+ s,,.
(8) holds by symmetry to (5). O
The above proposition and our general compositionality result (Theorem 4.14) imply:

Corollary 5.17. The open extension ~*P of strong applicative bisimilarity is a congruence.

Proor. We only need to verify that our present setting satisfies the conditions of Theo-
rem 4.14:

(1) The presheaf category Set” is regular, being a topos.

(2) The functor £X =V + 6X + X X X preserves reflexive coequalizers. In fact, ¢ is a left
adjoint (with right adjoint {V + 1, —), see [17]) and thus preserves all colimits. Moreover,
reflexive coequalizers commute with finite products and coproducts in Set, hence also in Set™
since limits and colimits are formed pointwise.

(3) The functor B(X,Y) = {X,Y)) x (Y + YX + 1) preserves monos. To see this, note first
that monos in Set™ are the componentwise injective natural transformations and thus stable
under products and coproducts; hence it suffices to show that the functors (X,Y) — ¥YX and
(X,Y) > {X,Y)) preserve monos. The first functor preserves monos in the covariant compo-
nentbecause (—)X : Set” — Set” is aright adjoint, and in the contravariant component because
Y(7): (Set™)°P — Set” is a right adjoint (with left adjoint (Y (7)) Set” — (Set™)°P). The
second functor preserves monos in the covariant component because (X, —): Set™ — Set™
is a right adjoint. To see that it preserves monos in the contravariant component, suppose
that f: X’ — X is an epimorphism in Set™. Then (f,Y): (X,Y) — (X’,Y)) is the natural
transformation with components

(f,Y)n: Nat(X",Y) - Nat((X")",Y), g g- "
This map is clearly monic because f is epic. Thus { f, ) is monic in Set". m]

5.5 Call-by-value evaluation

Much analogously to the call-by-name A-calculus, we can implement the call-by-value
A-calculus (Figure 4) in higher-order abstract GSOS. The corresponding higher-order GSOS
law differs from the one in Definition 5.9 only in the case of application on closed terms.
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q=Ax._ p—p q9—4q
appl app2—————,—— app3 P’
(Ax.p) g — plq/x] rPrq—pq (Ax.p) g — (Ax.p) q

Fig. 4. Small-step operational semantics of the call-by-value A-calculus.

Definition 5.18 (V-pointed higher-order GSOS law of the call-by-value A-calculus).
oXy: Z(GX xB(jX,Y)) = B(jX,Z*(jX +Y))
is given by

Ox.y.n(tr) = casetr of

v eV(n)

A, f,-)

(t1,8.1)) (12, h, )

(11,8, k) (t2, h, 1))

(11,8, k) (12, h, k2)

(t1,8. k) (2, h, )

(t1,8,%) (2, h, -)
where t € 6X(n), f € 6(X,Y)(n), g.h € (X,Y)(n), k. ka € YX(n), t1,t, € X(n) and

t1,t; € Y(n). Again brackets around the pairs on the right are omitted, and the last five clauses
refer to the application operator p g = app(p, q).

m(v), =

(X, A=) -7 i) (o1 (F)). (- I0)X (02 )
Am, i € X(m)". (gm(id) hy(i1)), 1] 12

Am, i € X(m)". (gm(il) hy(id)), 11}

Am, il € X(m)". (gm (i) hyy(&)), 7 - inr - k(£3)
Am, U € X(m)". (gm (i) hy (id)), 7 - inr - k(£3)
Am, il € X(m)". (gm (id) hpy (1)), *

17T 11111

Applying Theorem 4.14 to the call-by-value A-calculus shows that coalgebraic bisimilarity,
as expressed in Proposition 5.6, is a congruence. Note however that unlike the case for the
call-by-name A-calculus, coalgebraic bisimilarity does not correspond to a strong version of
call-by-value applicative bisimilarity (see e.g. [44]): The former relates terms if they exhibit
the same behaviour when applied to arbitrary closed terms, while the latter considers only
application to values. Capturing call-by-value applicative bisimilarity in the coalgebraic
framework is left as an open problem; see also Section 6.

5.6 Typed A-calculi

We have shown in the present section how to implement untyped A-calculi in the higher-order
abstract GSOS framework, using presheaf models. Higher-order languages with types can be
treated in a very similar manner, as demonstrated in [25] for the case of simple type systems,
and in [23] for recursive types. In a nutshell, one moves from the base category Set" to the
category (Set™ ™)V, where Ty is the set of types (regarded as a discrete category) and F/Ty
is the comma category of typed variable contexts, i.e. pairs (n, ') of a finite cardinal n and
a function I': n — Ty. Informally, a presheaf X € (Set™ ™)™ associates to every 7 € Ty
and I' € F/Ty a set X (I") of terms of type 7 in context I'. Using this categorical setup, it
is not difficult to devise higher-order GSOS laws for typed A-calculi, which are essentially
type-indexed versions of Definition 5.9 and Definition 5.18 above. We refer the reader to
op. cit. for more details.
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6 Conclusions, further developments, and future work

We have introduced the notion of higher-order GSOS law, effectively transferring the principles
behind the bialgebraic framework by [56] to higher-order languages. We have demonstrated
that, under mild assumptions, strong coalgebraic bisimilarity in systems specified by higher-
order GSOS laws is a congruence, a result guaranteeing the compositionality of semantics
within our abstract framework. In addition, we have implemented combinatory logics as well
as the call-by-name A-calculus as higher-order GSOS laws in suitable categories.

Our compositionality result for strong coalgebraic bisimilarity illustrates that the higher-
order abstract GSOS framework can not only model the operational semantics of higher-order
languages, but more importantly also provides the means to reason about such languages
at a high level of abstraction. In recent work, we have further substantiated this point by
lifting several key operational techniques to the categorical generality of our framework. In
[58] we introduce a generalization of Howe’s method, see [32, 33], and apply it to derive a
general congruence result for (weak) applicative similarity. In [25] we study unary logical
predicates along with induction up-to techniques to reason about them efficiently, with
proofs of strong normalization as a key application. Finally, in [23] we develop a theory of
step-indexed logical relations as a sound proof method for contextual equivalence. We note
that all these operational techniques are usually introduced in an ad hoc manner and need to
be carefully adapted for each individual language. The more principled approach based on
higher-order abstract GSOS provides a clean conceptual separation between their non-trivial,
language-dependent core and their generic, language-independent aspects.

Substantial progress has also been achieved towards supporting different paradigms of
operational semantics. Recall that Section 5.5 hints that the naive treatment of call-by-value
languages in the present work is not entirely satisfactory, as the ensuing coalgebraic notion of
bisimilarity does not match standard applicative bisimilarity. In [26], we resolve this issue
by moving from Set-valued presheaves to Set>-valued presheaves, with one sort for values
and one for non-value terms. In recent work [22], a similar method is used to apply our
framework to stateful languages. By doing so, we also reconcile first-order abstract GSOS
with stateful languages, (a well-known problem, see e.g. [2] and [20]). Moreover, Urbat [57]
extends the theory of higher-order abstract GSOS to reason about behavioural conformances
in languages with quantitative features.

Last but not least, in [24] we provide a higher-order bialgebraic account of denotational
semantics in the style of Turi and Plotkin, completing the bialgebraic picture of Section 4.3.

Let us conclude with outlining some directions for future research. A powerful technique
for compositionality results for effectful languages is given by environmental bisimulations,
see [51], which we aim to understand from the perspective of our categorical approach.
Another goal of interest is to extend the notion of a morphism of distributive laws, see [59]
and [34], to higher-order GSOS laws. As a potential application, this would enable modeling
compilers of higher-order languages that preserve semantic properties across compilation. In
first-order abstract GSOS, this idea has been previously explored by [55] and [1]. Finally, we
aim to develop a fibrational theory of logical relations in higher-order abstract GSOS, with
potential applications to parametricity [45] and dependent types.
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